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Abstract. Efficient decision procedures for arithmetic play avery important role
in formal verification. In practical examples, however, arithmetic constraints are
often mixed with constraints from other theorieslike thetheory of arrays, Boolean
satisfiability (SAT), bit-vectors, etc. Therefore, decision procedures for arithmetic
are especially useful in combination with other decision procedures. The frame-
work for such a combination isimplemented at Stanford in the tool called Coop-
erating Validity Checker (CVC) [SBDO02].

This work augments CVC with a decision procedure for the theory of mixed
integer linear arithmetic based on the Omega-test [Pug91] extended to be online
and proof producing. These extensions are the most important and challenging
part of the work, and are necessary to make the combination efficient in practice.

1 Introduction

Formal verification methods benefit greatly from efficient automatic decision proce-
dures. There has been ample research in developing efficient decision procedures for
various satisfiahility problems like Boolean satisfiability (SAT [MMZ+01,MSS99)]),
bit-vectors [M6198], linear integer and real arithmetic, etc.

In practical examples, constraints from different theories are often mixed together.
For example, it is hot uncommon to see a constraint like the following:

2xy+x>z2Af(z)#2z— A2xy +x] >0,

which belongs to the combined theory of arithmetic, arrays, and uninterpreted func-
tions. Consequently, there is a need for a decision procedure for the combination of
theories.

Several combination methods like Nelson-Oppen [NO79], Shostak [Sho84], and
their variants [RS01,BDS02a] have been developed. All these methods impose certain
requirements on the individual decision proceduresin order to achieve a sound, com-
plete, and efficient combination. Satisfying these requirements greatly improves the
usability of theindividual decision procedures.
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One of the tools that combine decision proceduresis the Cooperating Validity Che-
cker (CVC [SBDO02]) developed at Stanford. It is based on the framework of cooper-
ating decision procedures developed by Barrett [BDS02a] which, in turn, is based on
Nelson-Oppen [NO79] and Shostak [Sho84] frameworks. Each decision procedure in
the framework is responsible for solving the satisfiability problem for only one particu-
lar theory and does not interact directly with the other theories.

The current implementation involves decision procedures for the theory of unin-
terpreted functions, the theory of arrays [SBDLO1], the theory of datatypes, and the
theory of linear arithmetic over integers and reals, which is the subject of this paper.
Additionally, Boolean combinations of constraints are handled on the top level by the
SAT solver [BDS02b] based on Chaff [MMZ*01]. Thus, CVC as a whole serves as
a decision procedure for the quantifier-free first-order theory of equality with arrays,
recursive datatypes, and linear arithmetic [BDS00].

As with al combination methods, CVC imposes certain requirements on the indi-
vidual decision procedures. In particular, each decision procedure must be online and
proof producing. Online means that a new constraint can be added to the set of ex-
isting constraints at any time, and the algorithm must be able to take it into account
with only incremental amount of work. When the set of constraintsis determined to be
unsatisfiable, the algorithm must also produce a proof of this fact.

Additionally, the theory of linear arithmetic is extended with the predicate int(t),
which evaluatesto true onareal-valued arithmeticterm ¢, when ¢ evaluatesto an integer.
The decision procedure must be able to handle constraints of the formint(¢) and —int(¢)
in addition to the usual linear arithmetic constraints.

The reasons for the above requirements can be better understood from the archi-
tecture of CVC. At a very high level, CVC can be viewed as a SAT solver [DP60]
which solves the satisfiability problem of the Boolean skeleton of the first-order formu-
las. Each time the SAT solver makes a decision, a new constraint is submitted to the
appropriate decision procedure. Since decisions are dynamic, decision procedures must
be able to receive a new constraint and processiit efficiently (the online requirement).

Modern SAT solvers [SS96,M SS99,MMZ +01] use conflict clauses and intelligent
backtracking to enhance performance. Backtracking implies that the solver may re-
tract some constraints dynamically, hence, the decision procedure must support this
operation. From an implementation point of view, this means that al the internal data
structures in the decision procedure must be backtrackable.

To construct aconflict clause, one needsto identify those decisions made by the SAT
solver which lead to a contradiction. CV C identifies such decisions by extracting them
from the proof that the decision procedure constructs when it derives a contradiction.
This explains the need for proof production in the decision proceduresin CVC. As a
bonus, the proofs can be checked by an externa proof checker [Stu02] to increase the
confidencein the results produced by CVC.

In addition to CVC, afew other tools combine online and proof producing decision
procedures. Perhaps, the most similar to CV C is the Touchstonetool [NLOO] devel oped
at Berkeley. In particular, it has asimplex-based arithmetic desicion procedure, but only
for real arithmetic.



This paper describes a decision procedure for mixed-integer linear arithmetic de-
signed to meet the above requirements, and thus, fit the CVC framework. The deci-
sion procedure is based on an existing agorithm called Omega-test [Pug91], which
is extended to be online, proof producing, and handle the int() predicate. Addition-
aly, this implementation supports arbitrary precision arithmetic based on the GMP li-
brary [GMP]. The arbitrary precision arithmetic is crucial for solving sizable systems
of mixed-integer constraints using Fourier-Motzkin approach, since variable elimina-
tion may produce large coefficients even if the coefficients in the origina input are
relatively small.

The choice of Omega-test over other algorithms for solving mixed-integer linear
arithmetic problems (simplex, interior point method [BT97], earlier versions of Fourier-
Motzkin elimination [Wil76], etc.) isdriven by its simplicity and practical efficiency for
alarge class of verification problems. In particular, proof production is relatively easy
to implement for the Omega-test.

The rest of the paper is organized as follows. Sections 2 and 3 review the origi-
nal Fourier-Motzkin elimination method for real variables and its extension to integers
(Omega-test), respectively. Both versions are then redesigned to make the algorithm
online as described in sections 4 and 5. Section 4 aso gives a brief overview of CVC.
Proof production is described in section 6, and we conclude in section 7.

2 Fourier-Motzkin Elimination for Inequalities over Real
Variables

Theproblem. Givenasystem of linear inequality constraints over real-valued variables
of theform

n
Zaixi +c¢<0,
i=1

where a;’s and c are rational constants, determine if this system is satisfiable. We only
consider strict inequalities, since o < 0 can be handled similarly to a < 0. For sim-
plicity, we assume that o < 0 can be expanded into o < 0 V a = 0 and solved for
each case in the digunction. Here and in the rest of the paper, linear arithmetic terms
are often denoted as «, (3, v, or t, possibly with subscripts. In this section, we do not
consider equalities, since any equality can be solved for some variable and instantiated
into the other constraints, thus obtaining an equivalent system without the equality.

Terminology. For the sake of terminological clarity, we say that avariableiseliminated
if an equality constraint is solved for this variable and the result is substituted in the
remaining constraints. When the Fourier-Motzkin reasoning on inequalities is applied
to avariable, we say that such avariableis projected.

Throughout the paper we assume that all the constants and coefficients are rational.
Although we often refer to variables as real-valued, it is well-known that, under the
above conditions, the system of linear constraintsis satisfiable in reals if and only if it
issatisfiable in rationals.



Intuitively, Fourier-Motzkin elimination procedure [DE73] iteratively projects one
variable 2 by rewriting the system of inequalities into a new system without = which
has a solution if and only if the original system has a solution (i.e. the two systems are
equisatisfiable). This process repeats until no variables are left, at which point all of the
constraints become inequalities over numerical constants and can be directly checked
for satisfiability.

More formally, the projection procedure is the following. First, pick a variable
present in at least oneinequality, say z,,. All the inequalities containing this variable are
then rewritten in theform g < z,, or x,, < «, depending on the sign of the coefficient
an, Where z,, does not occur in « or 3. This creates three types of constraints. those
with z on the right, with 2 on the left, and those without z:

b1 < T Tp < aq 7 <0
. . . (1)

Br, < Tp Ty < Qpy Yies < 0.
If this system of constraints has a solution, then z,, must satisfy

max(fB1, ..., Br,) < Tpn <min(ay, ..., Qg,).

Since real numbers are dense, such z,, exists if and only if the following constraint
holds:
max(ﬂl, ey Bkl) < min(al, ey akz)-

This constraint can be equivalently rewritten as
Bi<0[j fOfa”Z:].kl,]:].kz, (2)

which is again a system of linear inequalities. We call them the shadow constraints,
becausethey define an n—1-dimensional shadow of the n-dimensional shape defined by
the original constraints (1). The shadow constraints (2) combined together withv; < 0
comprise a new system of constraints which is equisatisfiable with (1), but does not
contain the variable x,,. This process can now be repeated for x,,_1, and so on, until all
the variables are projected.

Observe that for a system of m constraints each elimination step may produce a
new system with up to (m/ 2)2 constraints. Therefore, eliminating n variables may, in
the worst case, create asystemof 4 - (m/ 4)2" constraints. Thus, the decision procedure
for linear inequalities based on Fourier-Motzkin even in the case of real variableshasa
doubly exponential worst case complexity in the number of variables.

3 Extension of Fourier-Motzkin Elimination to Integer Variables
(Omega-Test)

Our version of the extension is largely based on the Omega approach [Pug91] with
a few differences. First, we consider the system of mixed integer linear constraints
which, in addition to linear equalities and (strict) inequalities may also containint(t) or



-int(t) for any linear term ¢, meaning that the linear term ¢ is restricted to only integer
(respectively, fractional) values.

If the term ¢ is not a variable, the constraint int(t) is satisfiable iff int(z) Az = ¢
is satisfiable, where z is anew variable. Furthermore, —int(t) is satisfiable for any term
tiffint(y) ANy < t < y+ 1issatisfiable for a new variable y. Hence, any system
of mixed integer linear constraints may be converted to an equisatisfiable system of
constraints with only equalities, inequalities, and predicates of the form int(z), where
x isavariable.

3.1 Elimination of Equalities

As in the case of redls, all the equalities are eliminated first. If an equality contains a
variable x that is not an integer, then we solve the equality for thisvariable and eliminate
x from the system. Since this is the most efficient way of reducing the dimensionality
of the problem, all such equalities are eliminated first.

Now suppose that an equality contains only integer variables:

S i +e=0. ©
i=1

Here we use the same variable elimination algorithm as in the Omega-test [Pug9l]. If
x is the only variable in (3), then there is only one value of x which can satisfy this
equality constraint, namely © = —(c/a). If thisvalueisintegral, we substitute it for z,
and otherwise the system is unsatisfiable.

If thereis more than one variable in (3), the equality is normalized such that all the
coefficients a; and the free constant ¢ are relatively prime integers. It can always be
done when the coefficients are rational numbers. If, after the normalization, there is a
variable z, whose coefficient is |ay| = 1, then we simply solve for z;, and eliminate
it from the rest of the system. Otherwise pick avariable z;, whose coefficient a;, isthe
smallest by the absolute value and definem = |a .|+ 1. Define also amodul us operation

with therange [— 2, 2) asfollows:

i
amodm=a-m|—+—-|.
m 2

The important properties of mod are that a; modm = —sign(ay), and that it dis-
tributes over addition and multiplication, where sign(x) is —1, 0, or 1 when z < 0,
z =0andz > 0 respectively.

The next step is to choose a new variable o and introduce two new constraints into
the system:

int(c) and Z(ai modm)z; + (cmodm) = mo. 4
i=1
The second constraint is derivable from (3) by applying - mod m on both sides of (3)

and propagating mod over addition and multiplication to the coefficients. Hence, the
system remains equi satisfiable with the original.



Since a;, modm = —sign(ay), the equation (4) can be solved for z;, and zy, is
eliminated from the system:

xp = —sign(ag)mo+ Z sign(ag)(a; mod m)x; +sign(ay)(cmodm). (5)
i€[1..n]—{k}

Substituting the result into the original equation (3) and using the facts |a ;| = m — 1
anda — (amodm) = m |2 + }| (from the definition of m and mod) we obtain:

—|ag|o + Z ajr; +c =0, (6)
i€[l.n]—{k}
where a) = |% + 1| + (a;modm) and ¢’ = | < + ;| + (cmodm). The new

system (which is the origina system with z; eliminated using (5), and (3) rewritten
as (6) ) contains the same number of variables as the original one. Moreover, the new
coefficients o’ in (6) are guaranteed to decrease by absolute value compared to (3),
namely |aj| < 2|a;|, except for the coefficient of o which remains as large as that of
x. This ensures that repeating the process above will eventualy result in equality (6)
having some variable with a coefficient 1 or —1. That variable can then be eliminated,
reducing the overall dimensionality.

3.2 Projecting Variablesfrom Inequalities

After eliminating all of the equalities, we are left with the system of (strict) inequali-
ties over real and integer variables. Similar to the equality case, all the remaining real
variables are projected first with the standard Fourier-Motzkin elimination procedure,
resulting in a system of inequalities with only integer variables.

Atthispoint, all theinequalitiesare normalized to makethe coefficientsberelatively
prime integers, and a variable z,, is chosen for projection. Since z,, has an additional
integral constraint, we cannot simply divide the inequality by the coefficient a ,, unless
itis1 or —1, and in genera, the system of inequalities is rewritten in the equivalent
form, very much likein (1), only the coefficients of z,, are preserved:

b1 < b}txn a}lxn < aq 7 <0

: : : ()
Br, < bkix, ak2z, < ag, Vs <0,

where the coefficients af and b{f are positive integers. Similar to the original Fourier-

Motzkin construction, for each pair of inequalities 5 < bz, and az,, < «, whichis

equivalent to
af < abzry, < ba, (8)

the real shadow constraint is constructed:
af < ba. 9

However, the real shadow is a necessary but not a sufficient condition for the satisfia-
bility of (8), since there might not be an integer value abz ,, between a5 and ba, even



if thereis areal one. In addition to the real shadow, at least one point ab - i must exist
between a5 and ba for some integer 7. A sufficient (but not necessary) condition isto
demand that the gap between a8 and ba be at least ab + 1 wide:

D =ba—apf > ab. (20

This constraint is called the dark shadow constraint (the object is “thick enough” to
contain an integer point, and therefore casts a darker shadow; the term dark shadow is
from [Pug91]). The dark shadow constraint is sufficient, but not necessary for an integer
solution of z,, to exist. Therefore, if equation (10) makes the system unsatisfiable, we
haveto look for an integer solution outside of D, i.e. inthe gray shadow: ba: < a3+ ab.
Following the construction in the Omega-test [Pug91], ba on the right-hand side of (8)
isreplaced by the larger a8 + ab, and dividing the result by a yields the following:

B <brp, <pB+0b.

This means that if there is an integer solution to x,,, it must satisfy bxz,, = 8 + i for
some 0 < i < b, since 5 contains only integer variables with integer coefficients. We
then try each such ¢ in succession until a solution is found. In other words, the gray

shadow constraint is:
b—1

G=\/ b, =p+i.
i=1
Thisis, obviously, the most expensive step of the algorithm, sinceit involvesalot of
backtracking, but according to [Pug91], the dark shadow constraint almost always suf-
ficesin practice, and the gray shadow is often empty. Therefore, as apractical heuristic,
the dark shadow constraint D is alwaystried first, and only if it fails, then asolutionis
searched for in the gray shadow G.

4 Online Version of Fourier-Motzkin for Reals

In CVC, decision procedures are most effective when they are online, that is, the con-
straints are not given all at once but are fed to the decision procedure one at a time,
and for each constraint the algorithm performs some relatively small amount of work
to take that constraint into account and derive new constraints that follow fromiit.

In order to understand the reasons for being online and to clarify the important in-
terface featuresthat the decision procedurerelies on, we give a brief introduction to the
CVC framework. The goa of the following subsection is to provide just enough infor-
mation about the interface and underlying structure of the CVC framework to under-
stand the requirementsfor the online version of the decision procedurefor mixed integer
linear arithmetic. Therefore, some of the features are greatly simplified or omitted. For
more details on CVC framework the reader is referred to [BDS00,BDS02b,BDS024].

4.1 Brief Introduction to CVC Framework

At avery high level, CVC can be viewed as a SAT solver for the Boolean skeleton of
the quantifier-freefirst-order formulas (figure 1). The SAT solver treats the atomic con-
straints from different theories as Boolean variables. It solves the satisfiability problem



by splitting cases on each variable; that is, picking a variable, assigning it values true
and false (making a decision), and solving the rest of the formulafor each case recur-
sively. If it finds a satisfying assignment to the variables, then the original formulais
satisfiable. When a particular set of decisions results in a contradiction, the SAT solver
backtracks and tries a different decision. If in all branches it derives a contradiction,
then the formulais unsatisfiable.

Since the Boolean variables represent constraints from various theories, each time
the SAT solver makes a decision, anew constraint is produced, which is simplified and
dispatched to the appropriate decision procedure. When a decision procedure receives
aconstraint, it derives new constraints from the current and previously seen constraints,
and asserts them back to the SAT solver. If acontradiction is detected, then the decision
procedure asserts false as a new constraint. Note, that the new constraints may contain
arbitrary Boolean combinations of atomic formulas, but the decision procedure always
receives atomic constraints (equalities and theory-specific predicates over terms). In
other words, the decision procedure can assume it always solves the satisfiability prob-
lem for a conjunction of atomic constraints. However, it is allowed to infer Boolean
combinations of new constraints from the input set of constraints.

These decisions are dynamic, which requires decision procedures to be able to re-
ceive a hew constraint and process it efficiently, deriving a contradiction as soon as
possibleto cut off the search early. This explains the online requirement. In some cases,
however, a simplified constraint may be returned directly to the SAT solver without
going through a decision procedure.

When the SAT solver backtracks, some of the constraints are effectively removed.
Therefore, if a decision procedure stores some information about previously received
constraints, it must be able to roll back to the appropriate state when the SAT solver
backtracks. In other words, all the data structures which persist across calls to the de-
cision procedure must be backtrackable. Below, in the description of the algorithm,
we always assume that such backtracking mechanism is properly implemented and is
completely transparent to the decision procedure.

To boost the efficiency of the SAT solver, Original formula
the intelligent backtracking techniqueis uti- J
lized along with conflict clauses [MSS99]. o

To construct a conflict clause, one needs to
identify a (preferably small) set of decisions
made by the SAT solver that lead to the con-
tradiction. One way of identifying such de-

Atomic constraints

Simplifier

Simplified constraints

.. . —D' atch
cisionsisto extract them from the proof that S
thedecision procedure constructswhenit de- oo Sergon Secison
rives false. This explains the need for proof Procedure Procedure Procedure
production in CV C decision procedures. As : :
abonus, the proofs can be checked by an ex- New deriver constraints (formulas)

ternal proof checker [Stu02] to increase the
confidencein the results produced by CVC.

Note, that intelligent backtracking requires only the set of assumptions (from the
SAT solver decisions) used in the proof, and does not depend on the specific proof

Fig. 1. Flow of constraintsin CVC



rules. This set can be computed by simply traversing the proof tree to the leaves and
collecting the assumptions.

4.2 Online Fourier-Motzkin Elimination for Reals

In this and the subsequent sections the term decision procedurewill refer to the decision
procedure component from figure 1. In particular, we can always assume that the con-
straints dispatched to the decision procedure are atomic (no Boolean connectives) and
simplified. The simplification step consists of theory-specific rewrites such as normal-
ization of arithmetic constraints and elimination of equalities, so that only normalized
inequality constraints reach the decision procedure.

Hence, the description of the agorithm consists of two parts: the smplifier, which
is a set of equivalent transformations, and the decision procedure itself. The latter is
presented as a function that takes a simplified atomic constraint and returns (possibly a
Boolean combination of) new constraints back to the framework.

In the algorithm bel ow, we assume a total ordering < on all variableswhich defines
the order in which the variables are projected frominegualities. In particular, z issaid to
be the maximal variable from a set of variableswhenit isthe highest in thisset w.r.t. <.
In this section, we only consider equalities and inequalities over real-valued variables.
Handling the constraints with int(¢) predicate and integer variables will be described
later in section 5.

Smplification step. Each equality constraint ¢, = ¢, isfirst rewrittenast; —ta = 0
and simplified by grouping like terms. If the resulting equality contains no variables
(meaning t; — t» simplifiesto anumerical constant), then it is checked for satisfiability,
and the result is reported directly to the top-level SAT solver. Otherwise, it is rewritten
in the form 2 = « for some variable , and then z is replaced by « everywherein the
system, completely eliminating the variable x.

Similarly, an inequality t; < ty isrewrittenast, — t2 < 0 and simplified. If the
left-hand side simplifies to a constant, the inequality is evaluated to true or false and
submitted back to the solver. Otherwise, it is rewrittenas § < z or z < « for the
maximum variable z int; — t» W.r.t. <, and forwarded to the decision procedure.

Decision procedure. Due to the simplification step above, the decision procedure re-
ceives only inequalities of theform 8 < x or x < «, where z isthe maximal variable
ina and B w.rt. <. We say that the variable = in such inequalitiesisisolated.

The decision procedure maintains a backtrackable database DB - of inequalitiesin-
dexed by theisolated variable. Whenever anew inequality x < « arrives, this database
is searched for the opposite inequalities # < z and for each such inequality the new
shadow constraint 5 < « is constructed and asserted back to the framework. The re-
celved constraint z < « is then added to the database. The inequalities of the form
B < z are handled similarly.

The newly generated constraint § < « is eventually simplified and submitted back
to the decision procedure with a smaller variable (w.r.t. <) isolated, and this process
repeats until no variables remain in the constraint.



The ordering < on the variables guaranteesthat al the intermediate constraints that
would be constructed by the offline version of the procedure are eventually constructed
and processed by this online version, provided both algorithms project variables ac-
cording to the same ordering. Assuming that the original offline version of Fourier-
Motzkin elimination is complete and terminating implies that the online procedure is
also complete and terminating. We formulate the completeness part of this statement
more precisely as alemma

Lemmal. (Local Completeness.) Let C = {C1, ..., C} beaset of linear arithmetic
inequalities over real-valued variables =1, ..., x,, and < be a total ordering on the
variables. Let C be the set of constraints constructed by the offline algorithm while
solving the original set of constraints C. Then any constraint C' € C isalso constructed
by the online algorithm, regardless of the order in which the original constraints from
C are submitted to the online algorithm.

For the proof the reader isreferred to the technical report version of this paper [BGD02].

5 Online Fourier-Motzkin Elimination for Mixed | nteger
Constraints

The online version of the decision procedure for integers cannot have such a direct
correspondence to the offline version, since the order of the projection of variables
dependson theintegrality constraints, int(x) and —int(x), and the variable may become
known to be integer only after it has already been projected or eliminated. A naive
solution would beto backtrack and redo the projection and elimination steps. Thiscould
be avery costly operation.

Fortunately, thereis asimple and elegant solution to this problem. Whenever a con-
straint int(z) arrives, a new constraint « — o = 0 is added to the system, where o
is a new integer variable, and the fact int(o) is recorded into a local database DB ¢
indexed by o. The resulting system is equisatisfiable with the original one (which in-
cludes int(z)), but the variable = remains real-valued in the new system. Therefore,
the projections and eliminations of x do not have to be redone. At the same time, the
integrality of z is enforced by the integrality of o.

In addition, for any integer constraint int(¢) in DB, whenever theterm ¢ is rewrit-
tento ¢’ (because of some variable elimination), and ¢’ simplifies to a constant term c,
one must check that ¢ isindeed an integer and assert unsatisfiability if it is not.

Just like the agorithm for only real variables, the online algorithm for deciding
mixed-integer linear constraints consists of two parts: simplification and decision pro-
cedure.

Smplification step. Thisversion of the simplifier performsthe same transformationsas
the onefor real variables (section 4.2). An equality constraint isfirst rewrittenas~y = 0
and + is checked for being a constant. If it is, the constraint is immediately checked
for satisfiability and the result is returned directly to the SAT solver. Otherwise, if ~
contains real-valued variables, then one such variable z isisolated and eliminated. If
only integer variables remain in ~, then the iterative equality elimination agorithm is



performed, as described in section 3.1. At the end of this process the equality v = 0 is
rewritten into an equisatisfiable system of equations

z1 =5

T = B,
where each equation z; = §; correspondsto the equation (5) in section 3.1 from each
iteration of the algorithm. All the variables x; are then eliminated by replacing them
with their right-hand sides. Thus, equations are handled in the simplification step and
never submitted to the actual decision procedure.
Inequalities are also transformed and simplified into v < 0, then evaluated if + is
a constant. If ~ contains variables, the inequality is rewritten to the form § < ax or
axr < « for some positive integer coefficient a, where the variable x is the maximal
w.r.t. <. The new inequality isthen forwarded to the decision procedure. Similar to the
offline version of the algorithm, it isimportant to project real variablesfirst. Therefore,
we define < such that real-valued variables are always higher in the ordering than the
integer ones.
Inthe constraints of theformint(¢) and —int(¢) only theterm ¢ issimplified by com-
bining like terms, and otherwise these constraints are passed to the decision procedure
unmodified.

5.1 TheDecision Procedure

First, observe that, due to the simplification step, only inequalities of the form 5 < bx
and ax < « and integer congtraints int(¢) and —int(t) are submitted to the decision
procedure. Notice that inequality constraints always have the maximal variableisolated
w.rt. <. These inequalities are stored in the local database DB .. Additionally, when-
ever aterm¢ inany constraintint(t) € DBiy isrewrittento¢' by thesimplifier, int(¢) is
automatically replaced by int(¢") in DB;,¢. Both local databases are al so backtrackable.

The decision procedure receives a constraint C' from the simplifier and returns, or
asserts, new constraints back to the framework. We describe it as a case-by-case analy-
sis of the constraint C.

1. C =int(t):
(@ If ¢ is a constant, then evaluate int(¢), assert the result to the framework, and
return. If tis not a constant, go to step 1b.
(b) If t & DByy, then create a new integer variable z, add ¢t and z into DBy,
assert the new facts:
int(z) and ¢t—2z=0.

Otherwisg, if t € DBj,¢, thenignore C' and return.
2. C = —int(t):
Introduce a new integer variable z, add z to DB;,,, and assert the new constraints:

int(z) and z<t<z+1



#experiments| #formulas/ #vars CvC Omega |avg. Slow-down
in each suite |in each experiment| completed” | completed” factor
5996 1-4/1-5 5990 (99.9%)| 5568 (93.0%) 134
395 1-10/1-20 393 (99.5%)| 322 (81.5%) 192
65 10-50/10-50 63 (96.9%)| 8(12.3%) 7.8

Table 1. Experimental comparisons of CVC vs. Omega on suites of randomly generated exam-
ples. CVC isgeneraly slower than Omega approximately by afactor of 10.
*An experiment is completed if the tool terminates with the correct answer within 10 minutes.

3 C=a-z<a(orC=p<b-z):

(& Find all inequalities of the form 8 < b - x (respectively, a - z < «) in the
database DB, and for each such inequality perform the following steps:

i. Generate and assert the real shadow constraint R=a -5 < b - a.

ii. If x € DBy, (in which case all the variables in o and § must aso be
in DB;y,¢), then generate the integrality constraint D v G (dark and gray
shadows), where D and G are defined as in section 3.2;

b—1
D=b-a—a-f>ab and G=\/b-z=p+i.

i=1

Following the heuristic of Pugh [Pug91], the top-level SAT solver should
first search for asolutionin D beforetrying G.

(b) Add thereceived constraint C' to DB . and return.

Itisnot hard to see that each step of the algorithm above correspondsvery closely to the
similar steps in the offline version of the algorithm. The soundness and completeness
of the procedure follow from the fact that the set of constraints asserted by the decision
procedure at each step is always equisatisfiable with the given constraint C'. The details
of the formal proof (including termination) are in the technical report [BGDO02].

The experiments summarized in table 1 indicate that most of the time the overhead
of the CV C framework and arbitrary precision arithmetic slow down the algorithm only
by a constant factor. Since this implementation is not yet tuned for efficiency, there are
afew exceptional cases when CV C performs much worse than Omega, which explains
the large slow-down factor in the second line of table 1. Specifically, in a few excep-
tionally slow examples in the second suite (the slowest takes less than 6 seconds) the
slowdown is due to the large CV C framework overhead (over 90%), and lack of opti-
mizations. In any case, thisis a very reasonable price to pay for having the arithmetic
decision procedure combined with other theories of CVC, since in many practical ap-
plications the arithmetic problems are very small and are not the bottleneck of the veri-
fication. Additionally, the resulting implementation provesto be much more stable than
the original Omega-test, and produces proofs.



6 Proof Production

When the algorithmin section 5 reports that the system of constraintsis unsatisfiable, it
produces a proof of this fact which can be verified independently by an externa proof
checker. This increases our confidence in the soundness of the implementation.

Additionaly, the proof production mechanism alows CVC framework to extract
logical dependenciesthat drive the backtracking mechanism of the built-in SAT solver
(see section 4.1). The details are out of the scope of this paper, but intuitively, if the
proof of unsatisfiability depends only on a small subset of decisions made by the SAT
solver, then the SAT solver memorizes this combination of decisions and avoidsit in
the future. This can dramatically reduce the size of the decision tree.

Due to the page limit, only a few proof rules are presented in this version of the
paper. For the complete description of the proof system the reader is referred to the
technical report [BGDO02)].

6.1 Natural Deduction

The proofs are represented as derivationsin natural deduction extended with arithmetic
and with specialized derived or admissible rules. The algorithm maintains the invariant
that every constraint appearing in the algorithm has an associated proof with it. Since
the online decision procedureis presented as a set of relatively simple transformations,
it is natural to provide a specialized proof rule for each such transformation. These
specialized rules can then be proven sound externally, either by manual inspection or
with the help of automated theorem provers.

Definitions. Aninferencerule, or aproof rule, in generd, is of the form

PP, S - Sm
C

where formulas P; are the premisses (they are assumed to have proofs), S; are side con-
ditions (theruleisapplicableonly if all S; aretrue), and the formulaC isthe conclusion
of the rule. The semantics of a proof ruleisthat if al P; arevalid, then C isaso valid,
provided that all the side conditions S; are true. In CVC, however, the dual semantics
isused, i.e. whenever C' isunsatisfiable, the system of constraints { Py, ..., P,} isaso
unsatisfiable, provided that all side conditions.S; hold.

Recadll, that our algorithm consists of two parts: the simplifier, which performs
equivalent transformations, and the decision procedure, which derives new constraints
out of existing ones. The rules for the equivalent transformationsin the simplifier have
aspecia form;

rule name

Sy - S
t1 = to
where t; and t, are arithmetic terms or constraints and S; are side conditions (there

are no premisses). The rules for the decision procedure steps normally have premisses,
which are the constraints submitted to the decision procedure.



6.2 Proof Rulesfor Equivalent Transformations

Normalization. The simplifier step normalizes the constraints by making all coeffi-
cientsrelatively primeintegers, which is done by multiplying aconstraint by a constant.
The corresponding proof rules state that multiplying an (in)equality by a(positive) num-
ber preserves the constraint. Below, only the rule for inequality is shown.

beR,b>0
Sriairz4+e<0 = b3l a-x+e)<0

normec

Variable elimination for equalities. Given an (in)equality, pick a variable to isolate
and transform the constraint in such a way that the variable with some positive coeffi-
cient is solely on one side, and the rest of the term is on the other. For equalities, the
isolated variable must always be on the left-hand side. For inequalities, it depends on
the sign of the coefficient: if it is positive, the variable stays on the left-hand side, and
al the other terms are moved to the right-hand side; otherwise the variable is isolated
on the right-hand side. We only show one proof rulefor equality and positive coefficient
below. The other 3 rules (one for equality and negative coefficient, and the two cases
for inequalities) are similar.

a; >0
c+ Z?Zl aj-rj=0=a; x; = — (c+ it )~ {i} Y -mj)

The next ruleisfor solving a constraint for the isolated variable z:

a#0

arr=a = z=ala

VIt

Eq Elim.

If the variable x is real-valued, then it can be eliminated from the system and replaced
by a/a. The rules for integer variable elimination are more complex, but similar in
spirit, and are omitted from this version of the paper.

6.3 Proof Rulesfor Inequalities

The proof rulesin this section derive new constraints from already existing ones. These
types of rules correspond to the actual Fourier-Motzkin projection of variables from
inequalities.

Real shadow. Derivingtherea shadow from two opposing constraints makes asimple
and obvious proof rule:

B<bxz a-z<a

@« B<ba Real Shadow.

The rules for introducing dark and gray shadows follow the style of the Real Shadow
rule. Inits simplified form, the rule can be given as follows:
B<b-x a-xz<a int(z)
DVG

Int Shadows,



where a: and 5 contain only integer variables, and D and G formulas are defined asin
the algorithmin section 5.1.

The complete set of rules is described in the full version of this paper [BGDO02].
These rules can be thought of as a practical axiomatization of linear arithmetic, where
every step in the decision procedure has a corresponding proof rule justifying that step.

7 Conclusion

This paper presents the theory and some implementation detail of an online and proof
producing decision procedure for a theory of mixed-integer linear arithmetic extended
with the int() predicate. Additionally, the decision procedure supports arbitrary preci-
sion arithmetic.

A decision procedure is much more useful to the research community when it can
be combined with other decision procedures. Therefore, designing a stand-alone de-
cision procedure is only the very first step in the design process. The next and more
difficult task is to enhance the algorithm with additional properties which enable it to
communicate with other decision procedures. Namely, the decision procedure must be
online and proof producing, and must support backtracking.

In our experience, conceptually the most difficult is the online property. Just adapt-
ing the original Omega-test to an online algorithm required significant efforts (before
any implementation!). Proof production is the next difficult problem in the design pro-
cess. It could have easily been the hardest oneif CV C did not already have athoroughly
worked-out methodology for adding proof production to existing decision procedures.
Nevertheless, the implementation and especially debugging of proof production till
presents a challenge. Finally, backtracking is relatively easy to design and implement
in the context of CVC, since the framework provides all the necessary data structures.

Since our algorithm is largely based on Omega-test, its performance is compara-
ble with that of the original implementation of Omega-test. The overhead of the CVC
framework and the additional requirements on the decision procedure slow it down by
about a factor of 10. This is a very reasonable price to pay for having an arithmetic
decision procedure be combined with other powerful decision procedures of CVC.

This reimplementation adds arbitrary precision arithmetic, and generally is much
more stable than the Omega library code. The arbitrary precision arithmetic is cru-
cial for solving sizable systems of mixed-integer constraints using Fourier-Motzkin ap-
proach, since repeatedly generating shadow constraints produces|arge coefficients even
if the coefficientsin the original input are relatively small.

Acknowledgements. Theauthorswould like to thank the principal developersof CVC
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