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Applications of AdS/CFT  to QCD 

in collaboration with Guy de Teramond

Changes in 
physical

length scale 
mapped to 

evolution in the 
5th dimension z 

2
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• Use AdS/CFT to provide an 
approximate, covariant, and analytic 
model of hadron structure with 
con�nement at large distances, 
conformal behavior at short distances

• Analogous to the Schrodinger Theory 
for Atomic Physics

• AdS/QCD Holographic Model

• Light-Front Hadron Wavefunctions

Goal:
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∑n
i xi = 1

∑n
i
�k⊥i = �0⊥

Ψn(xi,�k⊥i, λi)

xiP
+, xi �P⊥+ �k⊥i

P+, �P⊥

x

Fixed τ = t+ z/c

Invariant under boosts!  Independent of P
�
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Light�Front Wavefunctions:  rigorous representation of 
composite systems in quantum �eld theory

x =
k+

P+
=

k0 + k3

P 0 + P 3
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Dirac’s Amazing  Idea:
The Front Form

Instant Form Front Form 

τ = t+ z/cσ = ct− z

Evolve in 
light�front time!

5

Evolve in 
ordinary time

P.A.M Dirac, Rev. Mod. Phys. 21, 392 (1949)
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‘Tis a mistake / Time flies not
It only hovers on the wing

Once born the moment dies not
‘tis an immortal thing

...A moment standing still for ever.

James Montgomery 1833
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The poetical works of James Montgomery
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�(x,k⊥)
HQCD
LF |�>=M2|�>

Dirac’s Front Form: Fixed �= t+ z/c

Light-Front Wavefunctions

xi =
k+i
P+

Remarkable new insights from AdS/CFT, 
the duality between conformal field 
theory and  Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ
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Prediction from AdS/CFT: Meson LFWF
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ψM(x, k2⊥)
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Light Front Wavefunctions
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Some Applications of Light-Front Wavefunctions

• Exact formulae for form factors, quark and gluon distributions; 
vanishing anomalous gravitational moment; edm connection to anm

• Deeply Virtual Compton Scattering, generalized parton distributions, 
angular momentum sum rules

• Exclusive weak decay amplitudes

• Single spin asymmetries: Role if ISI and FSI

• Factorization theorems, DGLAP, BFKL, ERBL Evolution

• Quark interchange amplitude

• Relation of spin, momentum, and other distributions to  physics of 
the hadron itself.

11
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|p,Sz>=�
n=3

�n(xi,�k⊥i,�i)|n;�k⊥i,�i>

The Light Front Fock State Wavefunctions

�n(xi,�k⊥i,�i)

are boost invariant; they are independent of the hadron’s energy
and momentum Pμ.

The light-cone momentum fraction

xi =
k+
i

p+ =
k0
i + kzi
P0 +Pz

are boost invariant.

n

�
i

k+
i = P+,

n

�
i

xi = 1,
n

�
i

�k⊥i =�0⊥.

sum over states with n=3, 4, ...constituents

Fixed LF time
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Intrinsic heavy quarks    

s̄(x) �= s(x)

ū(x) �= d̄(x)

Mueller: BFKL DYNAMICS    
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Heisenberg Matrix 
FormulationLight-Front QCD

Eigenvalues and Eigensolutions give Hadron
Spectrum and Light-Front wavefunctions

HQCD
LF |Ψh >= M2

h|Ψh >

HQCD
LF =

∑
i

[
m2 + k2

⊥
x

]i + Hint
LF

LQCD → HQCD
LF

Hint
LF : Matrix in Fock Space

Physical gauge: A+ = 0

DLCQ: Periodic BC in x−. Discrete k+; frame-independent truncation

13



HQCD
LF |Ψh >= M2

h|Ψh >H
QCD
LC |Ψh〉 =M2

h |Ψh〉Heisenberg Matrix 
Formulation

Light�Front QCD

H.C. Pauli  & sjb

DLCQ
Discretized Light�Cone 

Quantization

Eigenvalues and Eigensolutions give Hadron 
Spectrum and Light�Front wavefunctions

DLCQ:  Frame-independent, No fermion doubling; Minkowski Space

HQCD
LF |Ψh >= M2

h|Ψh >

14
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g y pp g

Light-Front Wave Functions in QCD

• Hadronic bound state expanded in n-particle Fock eigenstates |ψh〉 =
∑

n ψn/h|ψh〉 of the LF

Hamiltonian HLF = P 2 = P+P−− P2
⊥, HLF |P 〉 = M2|P 〉, at fixed LF time τ = t + z/c

(Dirac ’49; Pauli and Pinsky, sjb Phys. Rept. 1988).

• Fock components

ψn/h(xi,k⊥i) =
〈
n; xi,k⊥i,

∣∣ψh(P+,P⊥)
〉
,

frame independent and encode hadron properties in high momentum-transfer collisions.

• Momentum fraction xi = k+
i /P+ and k⊥i are the relative coordinates of parton i in Fock-state n

n∑
i=1

xi = 1
n∑
i=1

k⊥i = 0.

• Define transverse position coordinates xir⊥i = xiR⊥ + b⊥i
n∑
i=1

b⊥i = 0,

n∑
i=1

xir⊥i = R⊥.

15
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Discretized Light-Cone Quantization

• Periodic boundary condition in x�

• discrete positive plus momenta

• frame�independent formulation

• no fermion doubling

• covariant limit on Fock space

16

∑
i

k+
i = P+

P+ =
2π

L
K

k+
i =

2π

L
ni

∑
i

ni = K

 Pauli, sjb
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QCD�1+1�

Hornbostel, Pauli, sjb
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PRD 41, 3814 (1990)
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LIGHT-FRONT SCHRODINGER EQUATION

G.P. Lepage, sjbA+ = 0

22
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J z =
n∑

i=1

sz
i +

n−1∑

j=1

lzj .
Conserved 

LF Fock state by Fock State

p
lzj = −i

(
k1
j

∂

∂k2
j

− k2
j

∂

∂k1
j

)

i h bi l l

n�1 orbital angular momenta

Angular Momentum on the Light-Front

Nonzero Anomalous Moment -->Nonzero orbital angular momentum

23
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Hadronization at the Amplitude Level

e+

e−

γ∗
g

q̄

q

γ∗

e
qqqqqqq

gggggg

Construct helicity amplitude using Light�Front 
Perturbation theory;   coalesce quarks via LFWFs

ψ(x,�k⊥, λi)

pH

x,�k⊥

1− x,−�k⊥

τ = x+

Event amplitude 
generator

24
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∑n
i xi = 1

∑n
i
�k⊥i = �0⊥

Ψn(xi,�k⊥i, λi)

xiP
+, xi �P⊥+ �k⊥i

Light-Front Wavefunctions

P+ = P0 + Pz

Fixed τ = t+ z/c

Invariant under boosts!  Independent of P
�

25

P+, �P⊥
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Calculation of Form Factors in  Equal-Time Theory

26

Calculation of Form Factors in  Light-Front Theory

zero for q+ = 0 zero !!

Need vacuum �uctuations

26
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Problems with the Instant Form

• Need n simultaneous measurements to specify 
initial condition for system of n partons

• Boosts are dynamical and complex; not product 
of Wigner boosts!

• Wavefunction insu�cient to determine current 
matrix elements �� need to couple to vacuum

• N! time�ordered frame�dependent diagrams to 
calculate covariant Feynman amplitude of order 
gN.

D = Einit −
∑

n

√
�k2 + m2 + iε

McGee, Primack, Osborne, sjb�
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Lorentz boost of composite systems

The Electromagnetic Interactions Of Loosely Bound Composite Systems.
Stanley J. Brodsky, Joel R. Primack (SLAC) . SLAC-PUB-0440, Jun 1968. 9pp. 
Published in Phys.Rev.174:2071-2073,1968.

The Electromagnetic Interactions of Composite Systems.
Stanley J. Brodsky, Joel R. Primack (SLAC) . SLAC-PUB-0512, Oct 1968. 88pp. 
Published in Annals Phys.52:315-365,1969.

Crucial even for 
infinitesimal boosts 

28
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F2(q
2)

2M
=

∑
a

∫
[dx][d2k⊥]

∑
j

ej
1

2
×

[
− 1

qL
ψ↑∗a (xi,k

′
⊥i, λi) ψ↓a(xi,k⊥i, λi) +

1

qR
ψ↓∗a (xi,k

′
⊥i, λi) ψ↑a(xi,k⊥i, λi)

]

k′⊥j = k⊥j + (1 − xj)q⊥k′⊥i = k⊥i − xiq⊥

Drell, sjb

Must have Δ�z = ±1 to have nonzero F2(q
2)

�

qR,L = qx ± iqy

29
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Electric Dipole Form Factor on the Light Front

We consider the electric dipole form factor F3(q2) in the light-front
formalism of QCD, to complement earlier studies of the Dirac and Pauli
form factors. [Drell, Yan, PRL 1970; West, PRL 1970; Brodsky, Drell, PRD 1980]

Recall

〈P ′, S′
z |Jμ(0)|P, Sz〉 =

Ū(P ′, λ′)
[

F1(q2)γμ + F2(q2)
i

2M
σμαqα + F3(q2)

−1
2M

σμαγ5qα

]
U(P, λ)

We ignore the anapole form factor and define

κ =
e

2M
[F2(0)] , d =

e
M

[F3(0)]

κ d
[Bigi, Uralstev, NPB 1991]

Gardner, Hwang, sjb,

CP-violating phase

F3(q
2) = F2(q

2)× tanφFind: 
Fock state by Fock state 

30
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Electromagnetic Form Factors on the Light Front

Interaction picture for J+(0), q+ = 0 frame, and assumed simple vacuum
imply (qR/L ≡ q1 ± iq2):

F2(q2)

2M
=

∑
a

∫
[dx ][d2k⊥]

∑
j

ej
1
2
×

[
− 1

qL ψ↑∗
a (xi , k′

⊥i , λi)ψ↓
a(xi , k⊥i , λi) +

1
qR ψ↓∗

a (xi , k′
⊥i , λi)ψ↑

a(xi , k⊥i , λi)
]

,

F3(q2)

2M
=

∑
a

∫
[dx ][d2k⊥]

∑
j

ej
i
2
×

[
− 1

qL ψ↑∗
a (xi , k′

⊥i , λi)ψ↓
a(xi , k⊥i , λi) − 1

qR ψ↓∗
a (xi , k′

⊥i , λi)ψ↑
a(xi , k⊥i , λi)

]
,

k′
⊥j = k⊥j + (1 − xj)q⊥ for the struck constituent j and k′

⊥i = k⊥i − xiq⊥ for
each spectator (i �= j). q+ = 0 =⇒ only n′ = n.
Both F2(q2) and F3(q2) are helicity-flip form factors.

Gardner, Hwang, sjb,

F3(q
2) = F2(q

2)× tanφ
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�

graviton

Anomalous gravitomagnetic moment  B(0)

B(0) = 0 Each Fock State

sum over constituents

32

Hwang, Schmidt, sjb; 
Holstein et al

Okun, Kobzarev, Teryaev:  B(0) Must vanish because of 
Equivalence Theorem 

32
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Advantages of LF QCD
• Lorentz frame invariant; no boosts

• No fermion doubling

• Minkowski space

• Complete set of eigensolutions, bound state and continuum spectroscopy

• LFWFs, observables, simple spin properties

• Physical gauge: ghost free

• Zero modes instead of VEVS

• QED�3+1�, QCD�1+1� ......

• Perturbation theory tractable,  renormalization �alternate denominators�

• Relativistic statistical physics

33

QCD at the Amplitude Level

33



Stan Brodsky,  SLAC
QCD on the LFColumbia Seminar

February 18, 2008 34
34



Stan Brodsky,  SLAC
QCD on the LFColumbia Seminar

February 18, 2008

Hadron Distribution Amplitudes

• Fundamental gauge invariant non�perturbative input to 
hard exclusive processes, heavy hadron decays. De�ned 
for Mesons, Baryons

• Evolution Equations from PQCD,                             
OPE, Conformal Invariance

• Compute from valence light�front wavefunction in 
light�cone gauge

35

φH(xi, Q)

φM (x,Q) =
∫ Q

d2�k ψqq̄(x,�k⊥)

Fixed τ = t+ z/c

x

1 − x

k2
⊥ < Q2

Lepage, sjb

Lepage, sjb

Frishman,Lepage, Sachrajda, sjb

Peskin Braun

Efremov, Radyushkin Chernyak etal

∑
i

xi = 1

35
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GPDs & Deeply Virtual Exclusive Processes
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� New Insight into Nucleon Structure

�$���#����� ��������
$'#�3�$�'* $�'#��� �#���+
�/&�7��"#'
�&&�
�*����

��&
#������%���$#�*&�$�'*& ���*�#���3�����#$'*���&$#��/$�'*&� �

Vector �� ���� �� ���

Tensor � !��� ��  ��
Axial-Vector � ���� �� ����

Pseudoscalar � ! �� �  ��

~
~

��� � �� �!�� � �� �"�"��:��*�#���3�����#$'*���&$#��/$�'*&;

� ��
�

���� J G = 	
1

1

)0,,()0,,(
2

1

2

1
xExHxdxJ

qqq

�/�#���*�/��#��'��*$/� ����&/��#/���

X. Ji, Phy.Rev.Lett.78,610(1997)  
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Light-cone wavefunction representation of deeply
virtual Compton scattering �

Stanley J. Brodsky a, Markus Diehl a,1, Dae Sung Hwang b
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( ) ( )

1√
1 − ζ

Δ1 − iΔ2

2M
E(n→n)(x, ζ, t)

= (√
1 − ζ

)2−n
∑
n,λi

∫ n∏
i=1

dxi d2�k⊥i

16π3
16π3δ

(
1 −

n∑
j=1

xj

)
δ(2)

(
n∑

j=1

�k⊥j

)
× δ(x − x1)ψ

↑∗
(n)

(
x ′
i ,

�k′⊥i , λi

)
ψ

↓
(n)

(
xi, �k⊥i , λi

)
,

where the arguments of the final-state wavefunction are given by

x ′
1 = x1 − ζ

1 − ζ
, �k′⊥1 = �k⊥1 − 1 − x1

1 − ζ
�Δ⊥ for the struck quark,

x ′
i = xi

1 − ζ
, �k′⊥i = �k⊥i + xi

1 − ζ
�Δ⊥ for the spectators i = 2, . . . , n.

� �

Example of LFWF representation
of GPDs �n => n�

Diehl,Hwang, sjb
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N-1N+1

N N

NN

Light-Front Wave Function Overlap Representation

See also: Diehl, Feldmann, Jakob, Kroll
DGLAP
region

DGLAP
region

ERBL
region

N=3 VALENCE QUARK � Light�cone Constituent quark model

N=5 VALENCE QUARK + QUARK SEA � Meson�Cloud model

Diehl, Hwang, sjb,  NPB596, 2001

39

DVCS/GPD

39
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,
~

,, txEHEH
qqqq �

� �

�

���� JG = 	
1

1

)0,,()0,,(
2

1

2

1
xExHxdxJ

qqq

Quark angular momentum (Ji’s sum rule)

X. Ji, Phy.Rev.Lett.78,610(1997)  

DIS at �=t=0

)(),()0,0,(
~

)(),()0,0,(

xqxqxH

xqxqxH
q

q

���	

��	

Form factors (sum rules)

�

)(),,(
~

,)(),,(
~

) Dirac f.f.(),,(

,

1

1

,

1

1

1

tGtxEdxtGtxHdx

tF1txHdx

qP
q

qA
q

q

q

	�	�

	��






 �

��

� ) Pauli f.f.(),,(
1

tF2txEdx
q

q 	��
 �

Veri�ed using 
LFWFs

Diehl,Hwang, sjb
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Diffractive Dissociation of Pion  
into Quark Jets

Measure Light-Front Wavefunction of Pion

Minimal momentum transfer to nucleus
Nucleus left Intact!

E791 Ashery et al.

41

M ∝ ∂2

∂2k⊥
ψπ(x, k⊥)

Mueller, sjb
Frankfurt Miller Strikman

41
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T-OddPseudo-

11-2001 
8624A06

S

current 
quark jet

final state 
interaction

spectator 
system

proton

e– 

�*

e– 

quark

Single-spin 
asymmetries Leading�Twist 

Sivers E�ect

�Sp ·�q×�pq

D. S. Hwang, 
I. A.Schmidt, sjb

J. Collins
Light-Front Wavefunction  

S and P- Waves

QCD S- and P-
Coulomb Phases

42

i
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Light-Front Quantization of the Standard Model

φ(x) =
1√
2

v + ϕ =
1√
2
([ v + h(x) ] + iη(x) )

hep-ph/0202141P. Srivastava and sjb Phys.Rev.D66:045019,2002. 

A Unitary and renormalizable theory of the standard model in ghost free light cone gauge.

k+ = 0 zero mode

Decoupling of gravity to the Higgs zero mod�

No Higgs VEV!
Goldstone �eld

43
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nn

|p,Sz>=�
n=3

�n(xi,�k⊥i,�i)|n;�k⊥i,�i>

The Light Front Fock State Wavefunctions

�n(xi,�k⊥i,�i)

are boost invariant; they are independent of the hadron’s energy
and momentum Pμ.

The light-cone momentum fraction

xi =
k+
i

p+ =
k0
i + kzi
P0 +Pz

are boost invariant.

n

�
i

k+
i = P+,

n

�
i

xi = 1,
n

�
i

�k⊥i =�0⊥.

sum over states with n=3, 4, ...constituents

Fixed LF time

44

Intrinsic heavy quarks    

s̄(x) �= s(x)

ū(x) �= d̄(x)

Mueller: BFKL DYNAMICS    

44



                       

Light Antiquark Flavor Asymmetry

• Naïve Assumption 

from gluon splitting:

� E866/NuSea (Drell-Yan)

45
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|uudcc̄> Fluctuation in Proton

QCD: Probability
∼�2

QCD

M2
Q

|e+e−�+�− > Fluctuation in Positronium
QED: Probability ∼(me�)4

M4
�

Distribution peaks at equal rapidity (velocity)
Therefore heavy particles carry the largest mo-

mentum fractions

cc̄ in Color Octet

High x charm!

OPE derivation - M.Polyakov et al.

Hoyer, Peterson, Sakai, sjb

46

x̂i =
m⊥i∑n
j m⊥j

< p|G
3
μν

m2
Q

|p > vs. < p|F
4
μν

m4
�

|p >

46
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c

Hoyer, Peterson, SJB

Measure c(x) in Deep Inelastic 
Lepton-Proton Scattering

47
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