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Dirac’s Amazing  Idea: 
The Front Form

Instant Form Front Form 

τ = t + z/cσ = ct − z

Evolve in 
light-front time!

Evolve in 
ordinary time

P.A.M Dirac, Rev. Mod. Phys. 21, 392 (1949)
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• Different possibilities to parametrize space-time [Dirac (1949)]

• Parametrizations differ by the hypersurface on which the initial conditions are specified. Each evolve

with different “times” and has its own Hamiltonian, but should give the same physical results

• Instant form: hypersurface defined by t = 0, the familiar one

• Front form: hypersurface is tangent to the light cone at τ = t + z/c = 0

x+ = x0 + x3 light-front time

x− = x0 − x3 longitudinal space variable

k+ = k0 + k3 longitudinal momentum (k+ > 0)

k− = k0 − k3 light-front energy

k · x = 1
2 (k+x− + k−x+) − k⊥ · x⊥

On shell relation k2 = m2 leads to dispersion relation k− = k2
⊥+m2

k+

Quantum chromodynamics and other field theories on the light cone.
Stanley J. Brodsky (SLAC), Hans-Christian Pauli (Heidelberg, Max Planck Inst.), 
Stephen S. Pinsky (Ohio State U.). SLAC-PUB-7484, MPIH-V1-1997. Apr 1997. 203 pp. 
Published in Phys.Rept. 301 (1998) 299-486 
e-Print: hep-ph/9705477



Each element of 
flash photograph  

illuminated  
at same Light Front 

time

τ = t + z/c

Evolve in LF time

P− = i
d

dτ

 

Causal, Trivial Vacuum

zero !!



∑n
i xi = 1

∑n
i

�k⊥i = �0⊥

Ψn(xi,�k⊥i, λi)

xiP
+, xi

�P⊥ + �k⊥i

P+, �P⊥

Fixed τ = t + z/c

Invariant under boosts!  Independent of P
μ 

Light-Front Wavefunctions:  rigorous representation of composite 
systems in quantum field theory

x =
k+

P+
=

k0 + k3

P 0 + P 3

Process Independent 
Direct Link to QCD Lagrangian!

k+ ≥ 0Plus momenta conserved;  all
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J z =
n∑

i=1

sz
i +

n−1∑

j=1

lzj .
Conserved 

LF Fock state by Fock State

p
lzj = −i

(
k1
j

∂

∂k2
j

− k2
j

∂

∂k1
j

)

i h bi l l

n-1 orbital angular momenta

Angular Momentum on the Light-Front

Gluon orbital angular momentum defined in physical lc gauge

LC gauge

Nonzero Proton Anomalous Moment -->
Nonzero orbital  quark angular momentum
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Sz
γ = +1

Sz
e+ = +1/2

Sz
e− = +1/2

Sz
μ+ = +1/2

Sz
μ− = +1/2

Lz = 0

7

Electron positron annihilate with opposite chirality, 
parallel spins along z

γ∗

dσ

d cos θ
∝ 1 + cos2 θ

−1/2

−1/2

Lz = +2

or

S and D wavesMassless 
leptons
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Wick Theorem

Feynman diagram = sum n!  
instant-form time-ordered diagrams

ae =
ge − 2

2
=

α

2π
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Wick Theorem
Feynman diagram = one 

front-form time-ordered diagram!

ae =
ge − 2

2
=

α

2π
Also P → ∞ observer frame (Weinberg)

Choose q+ = 0

Drell, sjb
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zero for q+ = 0

10

Calculation of Form Factors in  Equal-Time Theory

Instant Form

Calculation of Form Factors in  Light-Front Theory

Front Form

Absent for q+ = 0 zero !!

Need vacuum-induced currentseddddddddddddddddddddddddddd

A
Complete Answer

No vacuum graphs
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F2(q
2)

2M
=

∑
a

∫
[dx][d2k⊥]

∑
j

ej
1

2
×

[
− 1

qL
ψ↑∗

a (xi,k
′
⊥i, λi) ψ↓

a(xi,k⊥i, λi) +
1

qR
ψ↓∗

a (xi,k
′
⊥i, λi) ψ↑

a(xi,k⊥i, λi)
]

k′
⊥j = k⊥j + (1 − xj)q⊥k′

⊥i = k⊥i − xiq⊥

Drell, sjb

Must have Δ�z = ±1 to have nonzero F2(q
2)

-

qR,L = qx ± iqy

Nonzero Proton Anomalous Moment -->
Nonzero orbital  quark angular momentum

11
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-

graviton

Anomalous gravitomagnetic moment  B(0)

B(0) = 0 Each Fock State

sum over constituents

12

Hwang, Schmidt, sjb; 
Holstein et al

Terayev, Okun,  et al:  B(0) Must vanish because of 
Equivalence Theorem 
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Front-Form calculations formally identical 
in perturbation theory with Weinberg’s 

infinite-momentum frame (instant form) 
analysis

• Observer moves at infinite momentum, not the
hadron system!

• Requires infinite boost.

• Renormalization Theory -- Alternate
Denominator Method

13

Roskies, Suaya, sjb
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Heisenberg Matrix 
Formulation

Light-Front  formalism links dynamics to 
spectroscopy

Eigenvalues and Eigensolutions give Hadron 
Spectrum and Light-Front wavefunctions

HQCD
LF |Ψh >= M2

h|Ψh >

HQCD
LF =

∑
i

[
m2 + k2

⊥
x

]i + Hint
LF

LQCD → HQCD
LF

Hint
LF : Matrix in Fock Space

Physical gauge: A+ = 0

14
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H
QCD
LC |Ψh〉 = M2

h |Ψh〉
Heisenberg Equation

Light-Front QCD

g
15



HQCD
LF |Ψh >= M2

h|Ψh >H
QCD
LC |Ψh〉 = M2

h |Ψh〉
Heisenberg Matrix Formulation

Light-Front QCD H.C. Pauli  & sjb
Discretized Light-Cone 

Quantization

Eigenvalues and Eigensolutions give Hadron Spectrum and Light-Front wavefunctions

DLCQ:  Frame-independent, No fermion doubling; Minkowski Space

HQCD
LF |Ψh >= M2

h|Ψh >

DLCQ: Periodic BC in x−. Discrete k+; frame-independent truncation
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LIGHT-FRONT SCHRODINGER EQUATION

G.P. Lepage, sjbA+ = 0



nn

|p,Sz >= ∑
n=3

Ψn(xi,�k⊥i,λi)|n;�k⊥i,λi >

The Light Front Fock State Wavefunctions

Ψn(xi,�k⊥i,λi)

are boost invariant; they are independent of the hadron’s energy
and momentum Pμ.

The light-cone momentum fraction

xi =
k+

i

p+ =
k0

i + kz
i

P0 +Pz

are boost invariant.

n

∑
i

k+
i = P+,

n

∑
i

xi = 1,
n

∑
i

�k⊥i =�0⊥.

sum over states with n=3, 4, ...constituents

Fixed LF time
Intrinsic heavy quarks    s̄(x) �= s(x)

ū(x) �= d̄(x)c(x), b(x) at high x !
s̄(x) �=�� s(x)

ū(x) �=�� d̄(x)

Mueller:  gluon Fock states   BFKL Pomeron Hidden Color



QCD and the LF Hadron Wavefunctions

DVCS, GPDs. TMDs

Baryon Decay

Distribution amplitude
ERBL Evolution

Heavy Quark Fock States
Intrinsic Charm

Gluonic properties
DGLAP

Quark & Flavor Struct

Coordinate space 
representation

Quark & Flavor Structure

Baryon Excitations

Ψn(xi,�k⊥i, λi)

Initial and Final State 
Rescattering

DDIS, DDIS, T-Odd

Non-Universal 
Antishadowing

Nuclear Modifications
Baryon Anomaly

Color Transparency

Hard Exclusive Amplitudes
Form Factors

Counting Rules

φp(x1, x2, Q
2)

AdS/QCD
Light-Front Holography

LF Schrodinger Eqn.

LF Overlap, incl ERBL

J=0 Fixed Pole

Orbital Angular Momentum
Spin, Chiral Properties

Crewther Relation

Hadronization at 
Amplitude Level



 Applications of Light-Front HolographyKITPC
October 20, 2010

 Stan Brodsky 
SLAC

Braun, Gardi

Lepage, sjb
Efremov, Radyushkin

Sachrajda, Frishman Lepage, sjb

φM (x,Q) =
∫ Q

d2�k ψqq̄(x,�k⊥)

Fixed τ = t + z/c

x

1 − x

k2
⊥ < Q2

∑
i

xi = 1

Lepage, sjb

Hadron Distribution Amplitudes

• Fundamental gauge invariant non-perturbative input to hard 
exclusive processes, heavy hadron decays. Defined for 
Mesons, Baryons

• Evolution Equations from PQCD, OPE, 

• Conformal Invariance

• Compute from valence light-front wavefunction in light-
cone gauge

20



HQED

[− Δ2

2mred
+ Veff(�S,�r)] ψ(�r) = E ψ(�r)

[− 1
2mred

d2

dr2
+

1
2mred

�(� + 1)
r2

+ Veff(r, S, �)] ψ(r) = E ψ(r)

(H0 + Hint) |Ψ >= E |Ψ > Coupled Fock states

Effective two-particle equation

 Spherical Basis r, θ, φ

Coulomb  potential 

Includes Lamb Shift, quantum corrections

Bohr Spectrum
Veff → VC(r) = −α

r

QED atoms: positronium 
and muonium

Semiclassical first approximation to QED 
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Goal: an analytic first approximation to QCD
• As Simple as Schrödinger Theory in Atomic Physics

• Relativistic, Frame-Independent, Color-
Confining

• QCD Coupling at all scales

• Hadron Spectroscopy

• Light-Front Wavefunctions

• Form Factors, Hadronic Observables, Constituent 
Counting Rules

• Insight into QCD Condensates

• Systematically improvable
de Teramond, Deur, Shrock, Roberts,Tandy

22
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ψ(x,k⊥)
HQCD

LF |ψ >= M2|ψ >

Dirac’s Front Form: Fixed τ = t + z/c

Light-Front Wavefunctions

xi =
k+
i

P+

Remarkable new insights from AdS/CFT, the 
duality between conformal field theory and 
Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

23
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Light-Front Holography and Non-Perturbative QCD

Goal:   
Use AdS/QCD duality to construct 

a first approximation to QCD

Hadron Spectrum  
Light-Front Wavefunctions,

Running coupling in IR

Ψn(xi,�k⊥i, λi)
in collaboration with 

Guy de Teramond

24

Central problem  for strongly-coupled gauge theories
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Applications of AdS/CFT  to QCD 

in collaboration with Guy de Teramond

Changes in 
physical

length scale 
mapped to 

evolution in the 
5th dimension z 

25
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Mμν,Pμ,D,Kμ,

Conformal Theories are invariant under the 
Poincare and conformal transformations with  

the generators of SO(4,2)

SO(4,2)  has a mathematical representation on AdS5

26
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Deur, Korsch, et al.

� s
/�

pQCD evol. eq.

�s,g1/� JLab

Cornwall

Fit

GDH limit

Godfrey-Isgur

Bloch et al.

Burkert-Ioffe

Fischer et al.

Bhagwat et al.
Maris-Tandy

Q (GeV)

Lattice QCD

10
-1

1

10
-1

1

10
-1

1 10
-1

1

DSE  gluon
couplings

Alkofer
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αs(Q2) � const at small Q2

Maldacena:

AdS/CFT: Anti-de Sitter Space / Conformal Field Theory

Map AdS5 X S5 to conformal N=4 SUSY

• QCD is not conformal;  however, it has 
manifestations of a scale-invariant theory: 
Bjorken scaling, dimensional counting for 
hard exclusive processes

• Conformal window:

• Use mathematical mapping of the conformal group  
SO(4,2) to AdS5 space

28



Nearly conformal QCD?

42

Γp−n
1 ≡

∫ 1

0
dx

(
gp

1 (x, Q2) − gn
1 (x, Q2)

)
=

1
6

gA

(
1 − αs,g1

π

)Define αs from 
Björkén sum,

Q (GeV)

� s
(Q

)/
�

�s,g1/� world data

�s,	/� OPAL

pQCD evol. eq.

JLab PLB 650 4 244

JLab CLAS

�s,F3/�

GDH limit

0.06

0.07
0.08
0.09
0.1

0.2

0.3

0.4

0.5

0.6

0.7
0.8
0.9

1

10
-1

1

g1 = spin dependent structure 
function (from inelastic ep 
scattering

Data from EG1 exp., at 
JLab CLAS  (2008)

αs runs only 
modestly at small Q2

Fig. from 0803.4119, Duer et al.

Recent JLab data from 
EG1(2008), CLAS, and Hall A

Gribov
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gluon and quark propagators cutoff in IR 
because of  color confinement

g

q
b̄

k >
1

ΛQCD
λ < ΛQCD

Confinement: 
maximum wavelength of bound quarks and gluons

B-Meson  

R. Shrock, sjb
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IR Conformal Window for QCD

A li i f Li h F H l h

• Dyson-Schwinger Analysis:    QCD gluon coupling has IR 
Fixed Point

• Evidence from Lattice Gauge Theory 

• Stability  of 

• Define coupling from observable: indications of IR 
fixed point for QCD effective charges

• Confined gluons and quarks have maximum wavelength: 
Decoupling of QCD vacuum polarization at small Q2  

• Justifies application of AdS/CFT in strong-coupling 
conformal window

31

ppolarization at
Serber-Uehling

Π(Q2)→ α
15π

Q2

m2 Q2 << 4m2

�+

�−

Shrock, sjb

Deur, Chen, Burkert, Korsch, 

Υ → ggg
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• Colored fields confined to finite domain 

• All perturbative calculations regulated in IR

• High momentum calculations unaffected

• Bound-state Dyson-Schwinger Equation

• Analogous to Bethe’s Lamb Shift Calculation

A strictly-perturbative space-time region can be defined as one which
has the property that any straight-line segment lying entirely within the region 
has an invariant length small compared to the confinement scale 
(whether or not the segment is spacelike or timelike).

J. D. Bjorken, 
SLAC-PUB 1053

Cargese Lectures 1989

(x − y)2 < Λ−2
QCD

Quark and Gluon vacuum polarization insertions 
decouple: IR fixed Point 

Maximal Wavelength of Confined Fields 

Shrock, sjb

32
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Scale Transformations

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

SO(1, 5)

ds2 =
R2

z2
(ημνdxμdxν − dz2),

xμ → λxμ, z → λz, maps scale transformations into the holographic coordinate z.

• AdS mode in z is the extension of the hadron wf into the fifth dimension.

• Different values of z correspond to different scales at which the hadron is examined.

x2 → λ2x2, z → λz.

x2 = xμxμ: invariant separation between quarks

• The AdS boundary at z → 0 correspond to the Q → ∞, UV zero separation limit.

33

invariant measure
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• Truncated AdS/CFT (Hard-Wall) model: cut-off at z0 = 1/ΛQCD breaks conformal invariance and

allows the introduction of the QCD scale (Hard-Wall Model) Polchinski and Strassler (2001).

• Smooth cutoff: introduction of a background dilaton field ϕ(z) – usual linear Regge dependence can

be obtained (Soft-Wall Model) Karch, Katz, Son and Stephanov (2006).
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• Conformal metric: ds2 = g�mdx�dxm. x� = (xμ, z), g�m → (
R2/z2

)
η�m .

• Action for massive scalar modes on AdSd+1:

S[Φ] =
1
2

∫
dd+1x

√
g 1

2

[
g�m∂�Φ∂mΦ − μ2Φ2

]
,

√
g → (R/z)d+1.

• Equation of motion
1√
g

∂

∂x�

(√
g g�m ∂

∂xm
Φ

)
+ μ2Φ = 0.

• Factor out dependence along xμ-coordinates , ΦP (x, z) = e−iP ·x Φ(z), PμPμ = M2 :[
z2∂2

z − (d − 1)z ∂z + z2M2 − (μR)2
]
Φ(z) = 0.

• Solution: Φ(z) → zΔ as z → 0,

Φ(x, z) = Cz
d
2 JΔ− d

2
(zM) , Δ = 1

2

(
d +

√
d2 + 4μ2R2

)
.

Bosonic Solutions:  Hard Wall Model

Δ = 2 + L (μR)2 = L2 − 4d = 4

Φ(z) = Czd/2JΔ−d/2(zM)
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AdS Schrodinger Equation for bound state 
of  two scalar constituents:

Derived from variation of Action in AdS5

φ(z = z0 = 1
Λc

) = 0.

Hard wall model: truncated space

Let Φ(z) = z3/2φ(z)

L: light-front orbital angular 
momentum

[ − d2

dz2
− 1 − 4L2

4z2

]
φ(z) = M2φ(z)



KITPC
October 20, 2010

 Applications of Light-Front Holography  Stan Brodsky 
SLAC38

• Pseudoscalar mesons: O3+L = ψγ5D{�1 . . . D�m}ψ (Φμ = 0 gauge).

• 4-d mass spectrum from boundary conditions on the normalizable string modes at z = z0,

Φ(x, zo) = 0, given by the zeros of Bessel functions βα,k: Mα,k = βα,kΛQCD

• Normalizable AdS modes Φ(z)

10 2 3 4

1

2

0

3

4

5

z

Φ(z)

2-2006
8721A7

10 2 3 4

-2

-4

0

2

4

z

Φ(z)

2-2006
8721A8

Fig: Meson orbital and radial AdS modes for ΛQCD = 0.32 GeV.

zΔ

333

z0

z0 = 1
ΛQCD

Match fall-off at small z to conformal twist-dimension
at short distances

Δ = 2 + L2 + L
twist

S = 0

O2+L
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10 2 3 4

1

2

0

3

z

Φ(z)

2-2007
8721A18

-2

-4

0

2

4

Φ(z)

10 2 3 4
z

2-2007
8721A19

Fig: Orbital and radial AdS modes in the hard wall model for ΛQCD = 0.32 GeV .

0
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4

(G
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(b)(a)

0 2 40 2 4
1-2006
8694A16

ω (782)
ρ (770)π (140)

b1 (1235)

π2 (1670)
a0 (1450)
a2 (1320)
f1 (1285)

f2 (1270)
a1 (1260)

ρ (1700)
ρ3 (1690)

ω3 (1670)
ω (1650)

f4 (2050)
a4 (2040)

L L

Fig: Light meson and vector meson orbital spectrum ΛQCD = 0.32 GeV

S = 0 S = 1



• Equation of motion for scalar field L = 1
2

(
g�m∂�Φ∂mΦ − μ2Φ2

)
[
z2∂2

z − (
3∓ 2κ2z2

)
z ∂z + z2M2 − (μR)2

]
Φ(z) = 0

with (μR)2 ≥ −4.

• LH holography requires ‘plus dilaton’ ϕ = +κ2z2. Lowest possible state (μR)2 = −4

M2 = 0, Φ(z) ∼ z2e−κ2z2
, 〈r2〉 ∼ 1

κ2

A chiral symmetric bound state of two massless quarks with scaling dimension 2: the pion

Soft-Wall Model

S =
∫

d4x dz
√

g eϕ(z)L,

Retain conformal AdS metrics but introduce smooth cutoff 
which depends on the profile of a dilaton background field 

Karch, Katz, Son and Stephanov (2006)]

Massless pion

ϕ(z) = ±κ2z2



Figure 5

d a “warped” metric of the form

oportional to eA(y). The function

found in the AdS metric, but its

minimum, eA(0), at y = 0. Thus

etain a nonzero energy

 from the effects of confinement;

e

ds2 = eA(y)(−dx2
0 + dx2

1 + dx2
3 + dx2

3) + dy2

ds2 = eκ2z2 R2

z2
(dx2

0 − dx2
1 − dx2

3 − dx2
3 − dz2)

y = R/zz → 0z → ∞

Klebanov and Maldacena 
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Agrees with 
Klebanov and 
Maldacena for 
positive-sign 
exponent of 

dilaton 

ds2 = eκ2z2 R2

z2
(dx2

0 − dx2
1 − dx2

3 − dx2
3 − dz2)



KITPC
October 20, 2010

 Applications of Light-Front Holography  Stan Brodsky 
SLAC43

• Nonconformal metric dual to a confining gauge theory

ds2 =
R2

z2
eϕ(z)

(
ημνdxμdxν − dz2

)
where ϕ(z) → 0 at small z for geometries which are

asymptotically AdS5

• Gravitational potential energy for object of mass m

V = mc2√g00 = mc2R
eϕ(z)/2

z

• Consider warp factor exp(±κ2z2)

• Plus solution: V (z) increases exponentially confining

any object in modified AdS metrics to distances 〈z〉 ∼ 1/κ
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AdS Soft-Wall Schrodinger Equation for 
bound state  of  two scalar constituents:

Derived from variation of Action  
Dilaton-Modified AdS5

[ − d2

dz2
− 1 − 4L2

4z2
+ U(z)

]
φ(z) = M2φ(z)

U(z) = κ4z2 + 2κ2(L + S − 1)

• Erlich, Karch, Katz, Son, Stephanov • de Teramond, sjb

eΦ(z) = e+κ2z2

Positive-sign dilaton
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0
0 4 8

2

4

6

Φ(z)

2-2007
8721A20 z

-5

0

5

0 4 8
z

Φ(z)

2-2007
8721A21

Fig: Orbital and radial AdS modes in the soft wall model for κ = 0.6 GeV .
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π (140)

b1 (1235)

π2 (1670)

L

(b)

0 2 4

π (140)

π (1300)

π (1800)

n

Light meson orbital (a) and radial (b) spectrum for κ = 0.6 GeV.

S = 0 S = 0

Soft Wall 
Model

Pion mass  
automatically 

zero!

mq = 0

6Quark separation 
increases with L

Pion has 
zero mass!

0000000000000000000000000000000000000000000
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0
0 4 8

2

4

6

Φ(z)

2-2007
8721A20 z

-5

0

5

0 4 8
z

Φ(z)

2-2007
8721A21 u

L = 0

L = 1

L = 2

L = 3
n = 0

n = 3

n = 2

n = 1

(a) (b)

Φ(z)Φ(z)

z z

0

2

(a)

4

(G
eV

2 )

0 2 4
5-2006
8694A20

ω (782)
ρ (770)

a2 (1320)

f2 (1270)

ρ3 (1690)

ω3 (1670)

f4 (2050)
a4 (2040)

L

(b)

0 2 4

n

ρ (770)

ρ (1450)

ρ (1700)

Quark separation increases with L

46

S = 1 S = 1
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Bosonic Modes and Meson Spectrum
4κ2 for Δn = 1
4κ2 for ΔL = 1
2κ2 for ΔS = 1

0
0

6-2010
8796A5

1 2 3 4

2

4

6

M2

L

0-+ 1+- 2-+ 4-+3+-
JPC

n=3

π(1800)
π2(1880)

π2(1670)
π(1300)

π

b(1235)

n=2 n=1 n=0

0
0

9-2009
8796A1

1 2 3 4

2

4

6

M2

L

1-- 2++ 3-- 4++
JPC

n=3

f2(2300)

f2(1950)

a2(1320)

ρ(1700)

ω(1650)

ρ(1450)
ω(1420)

ρ(770)
ω(782)

f2(1270)

ρ3(1690)
ω3(1670)

a4(2040)
f4(2050)

n=2 n=1 n=0

Regge trajectories for the π (κ = 0.6 GeV) and the I =1 ρ-meson and I =0 ω-meson families (κ = 0.54 GeV)
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• Obtain spin-J mode Φμ1···μJ with all indices along 3+1 coordinates from Φ by shifting dimensions

ΦJ(z) =
( z

R

)−J
Φ(z)

• Substituting in the AdS scalar wave equation for Φ[
z2∂2

z − (
3−2J − 2κ2z2

)
z ∂z + z2M2− (μR)2

]
ΦJ = 0

• Upon substitution z→ζ

φJ(ζ)∼ζ−3/2+Jeκ2ζ2/2 ΦJ(ζ)

we find the LF wave equation(
− d2

dζ2
− 1 − 4L2

4ζ2
+ κ4ζ2 + 2κ2(L + S − 1)

)
φμ1···μJ = M2φμ1···μJ

with (μR)2 = −(2 − J)2 + L2

Higher-Spin Hadrons
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Higher Spin Bosonic Modes SW

• Effective LF Schrödinger wave equation[
− d2

dζ2
− 1 − 4L2

4ζ2
+ κ4ζ2 + 2κ2(L+ S−1)

]
φS(ζ) = M2φS(ζ)

with eigenvalues M2 = 2κ2(2n + 2L + S).

• Compare with Nambu string result (rotating flux tube): M2
n(L) = 2πσ (n + L + 1/2) .

0

2

(a) (b)

4

(G
eV

2 )

0 2 4
5-2006
8694A20

ω (782)
ρ (770)

a2 (1320)

f2 (1270)

ρ3 (1690)

ω3 (1670)

f4 (2050)
a4 (2040)

L

0 2 4

n

ρ (770)

ρ (1450)

ρ (1700)

Vector mesons orbital (a) and radial (b) spectrum for κ = 0.54 GeV.

• Glueballs in the bottom-up approach: (HW) Boschi-Filho, Braga and Carrion (2005); (SW) Colangelo,

De Facio, Jugeau and Nicotri( 2007).

[
− d2

dz2
− 1 − 4L2

4z2
+ κ4z2 + 2κ2(L+ S−1)

]
φS(z) = M2φS(z)

S = 1S = 1

Soft-wall model

Same slope in n and L 

Regge 
Trajectories
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State I JP L S O
π(140) 1 0− 0 0 qγ5

1
2�τq

b1(1235) 1 1+ 1 0 −iqγ5
�∂ 1

2�τq

π2(1670) 1 2+ 2 0 −qγ5
1
2 (3∂i∂j − δij

�∂2) 1
2�τq

· · ·
ρ(770) 1 1− 0 1 q†�α 1

2�τq

ω(782) 0 1− 0 1 q†�α q

a1(1260) 1 1+ 1 1 −iq†(�α × �∂) 1
2τq

f2(1270) 0 2+ 1 1 −iq†[ 32 (αi∂j + αj∂i) − �α · �∂δij ]q

f1(1285) 0 1+ 1 1 −iq†(�α × �∂)q

a2(1320) 1 2+ 1 1 −iq†[ 32 (αi∂j + αj∂i) − �α · �∂δij ] 12�τq

a0(1450) 1 0+ 1 1 −iq†�α · �∂ 1
2�τq

· · ·

Tensor decomposition of total angular momentum interpolating operators O, [O] = 2 + L



0

1

2

3

4

5

6

0 1 2 3 4 5 6 7 8

α(t) ≈ 1
2

+ 0.9t

AdS/QCD Soft Wall Model -- Reproduces  Linear Regge Trajectories
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1−− 2++ 3−− 4++ JPC

M2

L

Parent and daughter Regge trajectories for the I = 1 ρ-meson family (red)

and the I = 0 ω-meson family (black) for κ = 0.54 GeV

52
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Propagation of external perturbation suppressed inside AdS.

At large enough Q ∼ r/R2, the interaction occurs in the large-r conformal region. Importa

contribution to the FF integral from the boundary near z ∼ 1/Q.

J(Q, z), Φ(z)

1 2 3 4 5

0.2

0.4

0.6

0.8

1

z

Consider a specific AdS mode Φ(n) dual to an n partonic Fock state |n〉. At small z, Φ
scales as Φ(n) ∼ zΔn . Thus:

F (Q2) →
[

1
Q2

]τ−1

,

where τ = Δn − σn, σn =
∑n

i=1 σi. The twist is equal to the number of partons, τ = n.

Dimensional Quark Counting Rules:
General result from 

AdS/CFT and Conformal Invariance

53

l t b ti d i id AdS

Hadron Form Factors from AdS/CFT 

Polchinski, Strassler
de Teramond, sjb

F (Q2)I→F =
∫ dz

z3ΦF (z)J(Q, z)ΦI(z)

J(Q, z) = zQK1(zQ)

High Q2
from 

small z  ~ 1/Q

J(Q, z) Φ(z)
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-10 -8 -6 -4 -2 0
0

0.2

0.4

0.6

0.8

1

q2(GeV 2)

1

Spacelike pion form factor from AdS/CFT

Fπ(q2)

Hard Wall: Truncated Space Confinement

Soft Wall: Harmonic Oscillator Confinement

One parameter -  set by pion decay constant

Data Compilation
Baldini, Kloe and Volmer

de Teramond, sjb
See also: Radyushkin 
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Holographic Model for QCD Light-Front Wavefunctions
SJB and GdT in preparation

• Drell-Yan-West form factor in the light-cone (two-parton state)

F (q2) =
∑

q

eq

∫ 1

0
dx

∫
d2�k⊥
16π3

ψ∗P ′(x,�k⊥ − x�q⊥) ψP (x,�k⊥).

• Fourrier transform to impact parameter space�b⊥

ψ(x,�k⊥) =
√

4π

∫
d2�b⊥ ei�b⊥·�k⊥ψ̃(x,�b⊥)

• Find (b = |�b⊥|) :

F (q2) =
∫ 1

0
dx

∫
d2�b⊥ eix�b⊥·�q⊥∣∣ψ̃(x, b)

∣∣2
= 2π

∫ 1

0
dx

∫ ∞

0
b db J0 (bqx)

∣∣ψ̃(x, b)
∣∣2,

Soper

55

Light-Front Representation 
of Two-Body Meson Form Factor

�q2
⊥ = Q2 = −q2



Holographic Mapping of AdS Modes to QCD LFWFs

• Integrate Soper formula over angles:

F (q2) = 2π
∫ 1

0
dx

(1 − x)
x

∫
ζdζJ0

(
ζq

√
1 − x

x

)
ρ̃(x, ζ),

with ρ̃(x, ζ) QCD effective transverse charge density.

• Transversality variable

ζ =
√

x

1 − x

∣∣∣ n−1∑
j=1

xjb⊥j

∣∣∣.
• Compare AdS and QCD expressions of FFs for arbitrary Q using identity:∫ 1

0
dxJ0

(
ζQ

√
1 − x

x

)
= ζQK1(ζQ),

the solution for J(Q, ζ) = ζQK1(ζQ) !

ζ =
√

x(1− x)�b2⊥
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• Hadronic gravitational form-factor in AdS space

Aπ(Q2) = R3

∫
dz

z3
H(Q2, z) |Φπ(z)|2 ,

where H(Q2, z) = 1
2Q2z2K2(zQ)

• Use integral representation for H(Q2, z)

H(Q2, z) = 2
∫ 1

0
x dxJ0

(
zQ

√
1 − x

x

)

• Write the AdS gravitational form-factor as

Aπ(Q2) = 2R3

∫ 1

0
x dx

∫
dz

z3
J0

(
zQ

√
1 − x

x

)
|Φπ(z)|2

• Compare with gravitational form-factor in light-front QCD for arbitrary Q

∣∣∣ψ̃qq/π(x, ζ)
∣∣∣2 =

R3

2π
x(1 − x)

|Φπ(ζ)|2
ζ4

,

which is identical to the result obtained from the EM form-factor

Abidin & Carlson 

Gravitational Form Factor in AdS space

Identical  to LF Holography obtained from electromagnetic current



KITPC
October 20, 2010

 Applications of Light-Front Holography  Stan Brodsky 
SLAC

φ(z)

ζ =
√

x(1− x)�b2⊥ z

x

(1− x)

�b⊥

ψ(x,�b⊥)

LF(3+1)              AdS5

58

Holography: Unique mapping derived from equality of LF and AdS  
formula for current matrix elements

ψ(x, ζ) =
√

x(1 − x)ζ−1/2φ(ζ)
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soft wall
confining potential:

Light-Front Holography: 
Map AdS/CFT  to  3+1 LF Theory

ζ2 = x(1− x)b2⊥.

Relativistic LF radial equation

G. de Teramond, sjb 

x

(1− x)

�b⊥

Frame Independent[ − d2

dζ2
+

1 − 4L2

4ζ2
+ U(ζ)

]
φ(ζ) = M2φ(ζ)

59

U(ζ) = κ4ζ2 + 2κ2(L + S − 1)
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soft wall
confining potential

Light-Front Holography: 
Map AdS/CFT  to  3+1 LF Theory

ζ2 = x(1− x)b2⊥.

Relativistic LF radial equation

G. de Teramond, sjb 

x

(1− x)

�b⊥

Frame Independent[ − d2

dζ2
+

1 − 4L2

4ζ2
+ U(ζ)

]
φ(ζ) = M2φ(ζ)

60

U(z) = κ4z2 + 2κ2(L + S − 1)
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Current Matrix Elements in AdS Space (SW)

• Propagation of external current inside AdS space described by the AdS wave equation[
z2∂2

z − z
(
1 + 2κ2z2

)
∂z − Q2z2

]
Jκ(Q, z) = 0.

• Solution bulk-to-boundary propagator

Jκ(Q, z) = Γ
(

1 +
Q2

4κ2

)
U

(
Q2

4κ2
, 0, κ2z2

)
,

where U(a, b, c) is the confluent hypergeometric function

Γ(a)U(a, b, z) =
∫ ∞

0
e−ztta−1(1 + t)b−a−1dt.

• Form factor in presence of the dilaton background ϕ = κ2z2

F (Q2) = R3

∫
dz

z3
e−κ2z2

Φ(z)Jκ(Q, z)Φ(z).

• For large Q2 � 4κ2

Jκ(Q, z) → zQK1(zQ) = J(Q, z),

the external current decouples from the dilaton field.

sjb and GdT 
Grigoryan and Radyushkin

Soft Wall 
Model
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e+

e−
γ∗

π+

π−

Dressed soft-wall current bring in higher 
Fock states and more vector meson poles

62
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F (Q2)=
1

1 + Q2

M2
ρ

, N = 2,

F (Q2)=
1(

1 + Q2

M2
ρ

) (
1 + Q2

M2
ρ′

) , N = 3,

· · ·
F (Q2)=

1(
1 + Q2

M2
ρ

) (
1 + Q2

M2
ρ′

)
· · ·

(
1 + Q2

M2
ρN−2

) , N,

Positive Dilaton Background exp (+κ2z2) M2
n = 4κ2

(
n +

1

2

)

F (Q2) → (N − 1)!
[4κ2

Q2

](N−1) Q2 → ∞

Form Factors in AdS/QCD

Constituent Counting
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x

(1− x)

�b⊥

φ(z)

ζ =
√

x(1− x)�b2⊥ z

ψ(x,�b⊥)

LF(3+1)              AdS5

65

Light-Front Holography: Unique mapping derived from equality of 
LF and AdS  formula for current matrix elements

ψ(x,�b⊥)

ψ(x,�b⊥) =

√
x(1 − x)

2πζ
φ(ζ)
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soft wall
confining potential:

Light-Front Holography: 
Map AdS/CFT  to  3+1 LF Theory

ζ2 = x(1− x)b2⊥.

Relativistic LF radial equation!

G. de Teramond, sjb 

x

(1− x)

�b⊥

Frame Independent[ − d2

dζ2
+

1 − 4L2

4ζ2
+ U(ζ)

]
φ(ζ) = M2φ(ζ)

66

U(ζ) = κ4ζ2 + 2κ2(L + S − 1)
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Derivation of the Light-Front Radial Schrodinger Equation  
directly from LF QCD

M2 =
∫ 1

0

dx

∫
d2�k⊥
16π3

�k2
⊥

x(1 − x)

∣∣∣ψ(x,�k⊥)
∣∣∣2 + interactions

=
∫ 1

0

dx

x(1 − x)

∫
d2�b⊥ ψ∗(x,�b⊥)

(
−�∇2

�b⊥�

)
ψ(x,�b⊥) + interactions.

(�ζ, ϕ), �ζ =
√

x(1 − x)�b⊥:Change 
variables ∇2 =

1
ζ

d

dζ

(
ζ

d

dζ

)
+

1
ζ2

∂2

∂ϕ2

M2 =
∫

dζ φ∗(ζ)
√

ζ

(
− d2

dζ2
− 1

ζ

d

dζ
+

L2

ζ2

)
φ(ζ)√

ζ

+
∫

dζ φ∗(ζ)U(ζ)φ(ζ)

=
∫

dζ φ∗(ζ)
(
− d2

dζ2
− 1 − 4L2

4ζ2
+ U(ζ)

)
φ(ζ)
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• In terms of n−1 independent transverse impact coordinates b⊥j , j = 1, 2, . . . , n−1,

M2 =
∑

n

n−1∏
j=1

∫
dxjd

2b⊥jψ
∗
n(xi,b⊥i)

∑
�

(
−∇2

b⊥�
+ m2

�

xq

)
ψn(xi,b⊥i) + interactions

• Relevant variable conjugate to invariant mass in the limit of zero quark masses

ζ =
√

x

1 − x

∣∣∣ n−1∑
j=1

xjb⊥j

∣∣∣
the x-weighted transverse impact coordinate of the spectator system (x active quark)

• For a two-parton system ζ2 = x(1 − x)b2
⊥

• To first approximation LF dynamics depend only on the invariant variable ζ, and hadronic properties

are encoded in the hadronic mode φ(ζ) from

ψ(x, ζ, ϕ) = eiMϕX(x)
φ(ζ)√
2πζ

factoring angular ϕ, longitudinal X(x) and transverse mode φ(ζ)



HQED

[− Δ2

2mred
+ Veff(�S,�r)] ψ(�r) = E ψ(�r)

[− 1
2mred

d2

dr2
+

1
2mred

�(� + 1)
r2

+ Veff(r, S, �)] ψ(r) = E ψ(r)

(H0 + Hint) |Ψ >= E |Ψ > Coupled Fock states

Effective two-particle equation

 Spherical Basis r, θ, φ

Coulomb  potential 

Includes Lamb Shift, quantum corrections

Bohr Spectrum
Veff → VC(r) = −α

r

QED atoms: positronium 
and muonium

Semiclassical first approximation to QED 



HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential 

QCD Meson SpectrumHLF
QCD

(H0
LF + HI

LF )|Ψ >= M2|Ψ >

[
�k2
⊥ + m2

x(1 − x)
+ V LF

eff ] ψLF (x,�k⊥) = M2 ψLF (x,�k⊥)

[− d2

dζ2
+

−1 + 4L2

ζ2
+ U(ζ, S, L)] ψLF (ζ) = M2 ψLF (ζ) ζ, φ

U(ζ, S, L) = κ2ζ2 + κ2(L + S − 1/2)

ζ2 = x(1 − x)b2
⊥

Semiclassical first approximation to QCD 
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Prediction from AdS/CFT: Meson LFWF

x
0.20.40.60.8

1.3

1.4

1.5

0

0.05

0.1

0.15

0.2

0

5

       “Soft Wall” 
model

k⊥ (GeV)

de Teramond, sjb

71

φM(x, Q0) ∝
√

x(1− x)

ψM(x, k2⊥)

κ = 0.375 GeV

massless quarks
Note coupling 

k2
⊥, x

Connection of Confinement to TMDs

ψM (x, k⊥) =
4π

κ
√

x(1 − x)
e
− k2

⊥
2κ2x(1−x)
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φH(xi, Q)

φM (x,Q) =
∫ Q

d2�k ψqq̄(x,�k⊥)

Fixed τ = t + z/c

x

1 − x

k2
⊥ < Q2

∑
i

xi = 1

Braun, Gardi

Lepage, sjb
Efremov, Radyushkin

Sachrajda, Frishman Lepage, sjb

Lepage, sjb

Hadron Distribution Amplitudes

• Fundamental gauge invariant non-perturbative input to hard 
exclusive processes, heavy hadron decays. Defined for 
Mesons, Baryons

• Evolution Equations from                                            
PQCD, OPE, Conformal Invariance

• Compute from valence light-front wavefunction in light-
cone gauge

72
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Second Moment of  Pion Distribution Amplitude

< ξ2 >=
∫ 1

−1

dξ ξ2φ(ξ)

ξ = 1 − 2x

φasympt ∝ x(1 − x)

φAdS/QCD ∝
√

x(1 − x)

Braun et al.

Donnellan et al.

< ξ2 >π= 1/5 = 0.20

< ξ2 >π= 1/4 = 0.25

Lattice (I) < ξ2 >π= 0.28 ± 0.03

Lattice (II) < ξ2 >π= 0.269 ± 0.039
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0 0.2 0.4 0.6 0.8 1
x

0

0.5

1

1.5

2
φ π(x

)

Linear potential(m=0.22 GeV,β=0.3659 GeV)
HO potential(m=0.25 GeV,β=0.3194 GeV)
φ

as
(x)~x(1-x)

φ
AdS/CFT

(x)~[x(1-x)]
1/2

φ(x, Q0) ∝
√

x(1− x)

AdS/CFT :

Increases PQCD leading twist predictio

Fπ(Q2) by factor 16/9

0.3194 GeV) φasympt ∼ x(1 − x)
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0 100 200 300 400 500
0.0

0.1

0.2

0.3

0.4

500 x

Φ�
x,

Q
2 �

�
f Π

ERBL evolution at Q2 �2,10,100 GeV2

0 0.5 1.0

√
x(1 − x)

x(1 − x)

F. Cao, GdT, sjb (preliminary)

ERBL Evolution of Pion Distribution Amplitude

Q2 = 100 GeV2

Q2 = 2 GeV2
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Baryons

KITPC Applications of Light-Front Holography Stan Brodsky 

Holographic Light-Front Integrable Form and Spectrum

• In the conformal limit fermionic spin-1
2 modes ψ(ζ) and spin-3

2 modes ψμ(ζ)
are two-component spinor solutions of the Dirac light-front equation

αΠ(ζ)ψ(ζ) = Mψ(ζ),

where HLF = αΠ and the operator

ΠL(ζ) = −i

(
d

dζ
− L + 1

2

ζ
γ5

)
,

and its adjoint Π†L(ζ) satisfy the commutation relations[
ΠL(ζ),Π†L(ζ)

]
=

2L + 1
ζ2

γ5.

• Supersymmetric QM between bosonic and fermionic modes in AdS?
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4 Fermionic Modes

Hard-Wall Model

From Nick Evans• Action for massive fermionic modes on AdS5:

S[Ψ,Ψ] =
∫

d4x dz
√

g Ψ(x, z)
(
iΓ�D� − μ

)
Ψ(x, z)

• Equation of motion:
(
iΓ�D� − μ

)
Ψ(x, z) = 0[

i

(
zη�mΓ�∂m +

d

2
Γz

)
+ μR

]
Ψ(x�) = 0

• Solution (μR = ν + 1/2)

Ψ(z) = Cz5/2 [Jν(zM)u+ + Jν+1(zM)u−]

• Hadronic mass spectrum determined from IR boundary conditions ψ± (z = 1/ΛQCD) = 0

M+ = βν,k ΛQCD, M− = βν+1,k ΛQCD

with scale independent mass ratio

• Obtain spin-J mode Φμ1···μJ−1/2
, J > 1

2 , with all indices along 3+1 from Ψ by shifting dimensions

• Baryons Spectrum in ”bottom-up” holographic QCD

GdT and Brodsky: hep-th/0409074, hep-th/0501022.

Baryons in Ads/CFT
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Fig: Light baryon orbital spectrum for ΛQCD = 0.25 GeV in the HW model. The 56 trajectory corresponds to L

even P = + states, and the 70 to L odd P = − states.
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Non-Conformal Extension of Algebraic Structure (Soft Wall Model)

• We write the Dirac equation

(αΠ(ζ) −M)ψ(ζ) = 0,

in terms of the matrix-valued operator Π

Πν(ζ) = −i

(
d

dζ
− ν + 1

2

ζ
γ5 − κ2ζγ5

)
,

and its adjoint Π†, with commutation relations[
Πν(ζ),Π†ν(ζ)

]
=

(
2ν + 1

ζ2
− 2κ2

)
γ5.

• Solutions to the Dirac equation

ψ+(ζ) ∼ z
1
2
+νe−κ2ζ2/2Lν

n(κ2ζ2),

ψ−(ζ) ∼ z
3
2
+νe−κ2ζ2/2Lν+1

n (κ2ζ2).

• Eigenvalues

M2 = 4κ2(n + ν + 1).

ν = L + 1
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• Baryon: twist-dimension 3 + L (ν = L + 1)

O3+L = ψD{�1 . . . D�qψD�q+1 . . . D�m}ψ, L =
m∑

i=1

�i.

• Define the zero point energy (identical as in the meson case) M2 → M2 − 4κ2:

M2 = 4κ2(n + L + 1).

Proton Regge Trajectory κ = 0.49GeV
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Glazek and Schaden [Phys. Lett. B 198, 42 (1987)]: (ωB/ωM )2 = 5/8 4κ2 for Δn = 1
4κ2 for ΔL = 1

2κ2 for ΔS = 1

M2

L

Parent and daughter 56 Regge trajectories for the N and Δ baryon families for κ = 0.5 GeV

81

8
• Δ spectrum identical to Forkel and Klempt, Phys. Lett. B 679, 77 (2009)



KITPC
October 20, 2010

 Applications of Light-Front Holography  Stan Brodsky 
SLAC82

L+N

M2 (GeV2)

N=1

N=0

0 1 2 3 4 5 6
0

2

4

6

8

�3/2
+(1232)

�3/2
+(1600)

�1/2
+(1750)

�3/2
�(1700)

�1/2
�(1620)

�5/2
�(1930)

�3/2
�(1940)

�1/2
�(1900)

�7/2
+(1950)

�5/2
+(1905)

�3/2
+(1920)

�1/2
+(1910)

7/2
+

�5/2
+(2200)
3/2

+
1/2

+

�7/2
�(2200)

�5/2
�(2223)

�9/2
�(2400)
7/2

�

�5/2
�(2350)
3/2

�

�11/2
+(2420)

�9/2
+(2300)

�7/2
+(2390)
5/2

+

11/2
+

9/2
+

7/2
+

5/2
+

11/2
�

9/2
�

�13/2
�(2750)

11/2
�

9/2
�

7/2
�

�15/2
+(2950)

13/2
+

11/2
+

9/2
+

E. Klempt et al.: Δ∗ resonances, quark models, chiral symmetry and AdS/QCD
y, y ( )

H. Forkel, M. Beyer and T. Frederico, JHEP 0707 (2007)
077.
H. Forkel, M. Beyer and T. Frederico, Int. J. Mod. Phys.
E 16 (2007) 2794.
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Space-Like Dirac Proton Form Factor

• Consider the spin non-flip form factors

F+(Q2) = g+

∫
dζ J(Q, ζ)|ψ+(ζ)|2,

F−(Q2) = g−
∫

dζ J(Q, ζ)|ψ−(ζ)|2,

where the effective charges g+ and g− are determined from the spin-flavor structure of the theory.

• Choose the struck quark to have Sz = +1/2. The two AdS solutions ψ+(ζ) and ψ−(ζ) correspond

to nucleons with Jz = +1/2 and −1/2.

• For SU(6) spin-flavor symmetry

F p
1 (Q2) =

∫
dζ J(Q, ζ)|ψ+(ζ)|2,

Fn
1 (Q2) = −1

3

∫
dζ J(Q, ζ)

[|ψ+(ζ)|2 − |ψ−(ζ)|2] ,

where F p
1 (0) = 1, Fn

1 (0) = 0.
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• Scaling behavior for large Q2: Q4F p
1 (Q2) → constant Proton τ = 3
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(Q

2 )
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G
eV

4 )
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8757A2

SW model predictions for κ = 0.424 GeV. Data analysis from: M. Diehl et al. Eur. Phys. J. C 39, 1 (2005).
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• Scaling behavior for large Q2: Q4Fn
1 (Q2) → constant Neutron τ = 3

0
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SW model predictions for κ = 0.424 GeV. Data analysis from M. Diehl et al. Eur. Phys. J. C 39, 1 (2005).
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Spacelike Pauli Form Factor

Q2(GeV2)

Harmonic Oscillator 
Confinement

Normalized to anomalous 
moment

F p
2 (Q2)

κ = 0.49 GeV

G. de Teramond, sjb 

Preliminary
From overlap of L = 1 and L = 0 LFWFs



Chiral Features of Soft-Wall 
AdS/QCD Model

Sz = +1/2, Lz = 0;Sz = −1/2, Lz = +1Sz = +1/2, Lz = 0;Sz = −1/2, Lz = +1

• Boost Invariant

• Trivial LF vacuum.

• Massless Pion

• Hadron Eigenstates have LF Fock components of different Lz

• Proton: equal probability

• Self-Dual Massive Eigenstates: Proton is its own chiral partner.

• Label State by minimum L as in Atomic Physics

• Minimum L dominates at short distances               

• AdS/QCD Dictionary: Match to Interpolating Operator Twist at z --> 0



• Consider five-dim gauge fields propagating in AdS5 space in dilaton background ϕ(z) = κ2z2

S = −1
4

∫
d4x dz

√
g eϕ(z) 1

g2
5

G2

• Flow equation
1

g2
5(z)

= eϕ(z) 1
g2
5(0)

or g2
5(z) = e−κ2z2

g2
5(0)

where the coupling g5(z) incorporates the non-conformal dynamics of confinement

• YM coupling αs(ζ) = g2
Y M (ζ)/4π is the five dim coupling up to a factor: g5(z) → gY M (ζ)

• Coupling measured at momentum scale Q

αAdS
s (Q) ∼

∫ ∞

0
ζdζJ0(ζQ)αAdS

s (ζ)

• Solution

αAdS
s (Q2) = αAdS

s (0) e−Q2/4κ2
.

where the coupling αAdS
s incorporates the non-conformal dynamics of confinement

Running Coupling from  Modified AdS/QCD
Deur,  de Teramond, sjb



Running Coupling from Light-Front Holography and AdS/QCD

αAdS
s (Q)/π = e−Q2/4κ2

αs(Q)
π

Deur,  de Teramond, sjb

κ = 0.54 GeV

Analytic, defined at all scales, IR Fixed Point
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βAdS(Q2) =
d

d log Q2
αAdS

s (Q2) =
πQ2

4κ2
e−Q2/4κ2

Deur,  de Teramond, sjb
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Features of Soft-Wall AdS/QCD

• Single-variable frame-independent radial Schrodinger 
equation

• Massless pion (mq =0)

• Regge Trajectories: universal slope in  n and L

• Valid for all integer J & S.    Spectrum is independent of S

• Dimensional Counting Rules for Hard Exclusive Processes

• Phenomenology: Space-like and Time-like Form Factors

• LF Holography: LFWFs;  broad distribution amplitude

• No large Nc limit

• Add quark masses to LF kinetic energy

• Systematically  improvable -- diagonalize HLF on AdS basis

91
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String Theory

AdS/CFTSSS/////////////////////////////////////////

Semi-Classical QCD / Wave EquationsSemi-Classical QCD / Wave Equations///////////////////////////

Mapping of  Poincare’ and 
Conformal SO(4,2) symmetries of 3+1 

space 
to  AdS5 space

Integrable!

Boost Invariant 3+1 Light-Front Wave Equations

/

Boost Invariant 3+1 Light-Front Wave Equationsh

Hadron Spectra, Wavefunctions, Dynamics

gggggggggggggggggggggggggggggggggggggggh

ve

/

AdS/QCD
Conformal behavior at short 

distances
+ Confinement at large distance

Counting rules for Hard Exclusive 
Scattering

Regge Trajectories

Holography

J =0,1,1/2,3/2 plus L

Goal: First Approximant to QCD

QCD at the Amplitude Level
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