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Abstract

Performing statistical inference in high-dimensional models is an outstanding challenge. A ma-
jor source of difficulty is the absence of precise information on the distribution of high-dimensional
regularized estimators.

Here, we consider linear regression in the high-dimensional regime p > n and the Lasso
estimator. In this context, we would like to perform inference on a high-dimensional parameters
vector 8* € RP. Important progress has been achieved in computing confidence intervals and
p-values for single coordinates 6}, i € {1,...,p}. A key role in these new inferential methods is
played by a certain de-biased (or de-sparsified) estimator 69 that is constructed from the Lasso
estimator. Earlier work establishes that, under suitable assumptions on the design matrix, the
coordinates of 8¢ are asymptotically Gaussian provided the true parameters vector §* is so-sparse
with sg = o(y/n/logp).

The condition sg = o(y/n/logp) is considerably stronger than the one required for consistent
estimation, namely sg = o(n/logp). Here we consider Gaussian designs with known or unknown
population covariance. When the covariance is known, we prove that the de-biased estimator is
asymptotically Gaussian under the nearly optimal condition sy = o(n/(log p)?). Note that earlier
work was limited to sg = o(y/n/logp) even for perfectly known covariance.

The same conclusion holds if the population covariance is unknown but can be estimated
sufficiently well, e.g. because its inverse is very sparse. For intermediate regimes, we describe
the trade-off between sparsity in the coefficients 6*, and sparsity in the inverse covariance of the
design.
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1 Introduction

1.1 Background

Consider random design model where we are given n i.i.d. pairs (y1,z1), (y2,22), -, (Yn,Tn) with
y; € R, and z; € RP. The response variable y; is a linear function of xz;, contaminated by noise w;
independent of x;

Yi = (0*,a:i)+wi, win(O,az). (1)
Here 60* € R? is a vector of parameters to be estimated and (-, -) is the standard scalar product.
In matrix form, letting y = (y1,...,y,)" and denoting by X the matrix with rows z7,---, ] we
have
y=X0"+w, w ~ N(O,O’2In><n) . (2)

We are interested in the high-dimensional regime wherein the number of parameters p exceeds
the sample size n. Over the last 20 years, impressive progress has been made in developing and
understanding highly effective estimators in this regime [CT07, BRT09, BvdG11]. A prominent
approach is the Lasso [Tibh96, CD95] defined through the following convex optimization problem

_ 1
0 (y, X;\) = —|ly — X613+ X|6]1 ¢ -
(y, X5 2) argggﬁg{%lly 12+ Al ||1} (3)

(We will omit the arguments of §Lasso(y, X; A) whenever clear from the context.)

A far less understood question is how to perform statistical inference in the high-dimensional
setting, for instance computing confidence intervals and p-values for quantities of interest. Progress
in this direction was achieved only over the last couple of years. In particular, several papers
[Biith13, ZZ14, JM14b, VAGBRD14, JMI4a] develop methods to compute confidence intervals for
single coordinates of the parameters vector 6*. More precisely, these methods compute intervals
Ji(a) depending on y, X, of nearly minimal size, with the coverage guarantee

P(0; € Ji(a)) > 1—a—o,(1). (4)

The o0,(1) term is explicitly characterized, and vanishes along sequence of instances of increasing
dimensions under suitable condition on the design matrix X.

The fundamental idea developed in [ZZ14, JM14b, VAGBRD14, JM14a] is to construct a de-
biased (or de-sparsified) estimator that takes the form

~ ~ 1 ~
ed — eLasso + EMXT(y _ XeLasso) , (5)

where M € RP*P is a matrix that is a function of X, but not of y. While the construction of M
varies across different papers, the basic intuition is that M should be a good estimate of the precision
matrix Q = X!, where ¥ = E{xlxlT} is the population covariance.

Assume 0* is sg-sparse, i.e. it has only sg non-zero entries. The key result that allows the
construction of confidence intervals in [ZZ14, VAGBRDI14, JM14a] is the following (holding under
suitable conditions on the design matrix). If M is ‘sufficiently close’ to €2, and the sparsity level is

< Y (6)
logp



then «/9\? is approximately Gaussian with mean 67 and variance of order a?/n.

The condition (6) comes as a surprise, and is somewhat disappointing. Indeed, consistent estima-
tion using —for instance— the Lasso can be achieved under the much weaker condition sy < n/log p.
More specifically, in this regime, with high probability [CT07, BRT09, BvdG11]

C'sgo?

67 — 073 < logp. (7)

This naturally leads to the following question:

Does the de-biased estimator have a Gaussian limit under the weaker condition sg <K
n/logp?

Let us emphasize that the key technical challenge here does not lie in the fact that M is not a
good estimate of the precision matrix €. Of course, if M is not close to 2, then #9 will not have a
Gaussian limit. However earlier proofs [Z771/, VAGBRD14, JM1ja] cannot establish the Gaussian
limit for sg = v/n/logp, even if Q is known and we set M = Q. Even the idealized case where the
columns of X are known to be independent and identically distributed (i.e. 2 = I) is only understood
in the asymptotic limit sg,n,p — oo with so/p, n/p having constant limits in (0,1) [JM14b].

In order to describe the challenge, let us set M = €2, and recall the common step of the proofs in
(2714, VAGBRD14, JM14a]. Using the definitions (2), (5), we get

~ ~ 1 ~
\/’E(Qd _ 9*) — \/ﬁ(eLasso _ 9*) + %QXT(XQ* +w— XeLasso)

- (8)
QX Tw + /n(QS — 1)(6* — =),

_ L
~n

where 5 = XTX/n € RP*P is the empirical design covariance. Since w ~ N(0,02%1,), it is easy
to see that vector QX Tw//n has Gaussian entries of variance of order one. In order for 64 to be
approximately Gaussian, we need the second term (which can be interpreted as a bias) to vanish.
Earlier papers [Z2714, VAGBRD14, JM14a] address this by a simple ¢1-¢o, bound. Namely (denoting
by |Q|s the maximum absolute value of any entry of matrix Q):

H\/ﬁ(ﬂi —1)(0* — )

S \/ﬁ’Qi _ I|OOH0* _ /H\LassoH

1
I 1
< ix Oy 22 Cspoy | —2E 9)
n n

S 020' S0 logp
n

Y

where the bound |Q% — 1| < C'y/(log p)/n follows from standard concentration arguments, and the
bound on ||0* — §L“SS°||1 is order-optimal and is proved, for instance, in [BRT09, BvdG11].

This simple argument implies that the de-biased estimator is approximately Gaussian if the upper
bound in Eq. (9) is negligible, i.e. if so = o(y/n/logp). We see therefore that this requirement is
not imposed as to control the error in estimating 2. It instead follows from the simple ¢1-fo, bound
even if  is known.



1.2 Main results

The above exposition should clarify that the ¢; — ¢, bound is quite conservative. Considering the
i-th entry in the bias vector bias = (QX — I)(6* — HAL“SO), the ¢1-f» bound controls it as |bias;| <
I (Qi —1); . [|oc |0 — (/91“50”1. This bound would be accurate only if the signs of the entries ((9;‘ — 5;‘“50)
were aligned to the signs (Qi‘ —1);j, 7 € {1,...,p}. While intuitively this is quite unlikely, it is
difficult to formalize this intuition; Note that in a random design setting, the terms (QS — I);. and
0% — Lo are highly dependent: flas= is a deterministic function of the random pair (X, w), while
QS —1) = (QXXT/n —1) is a function of X.

Our main result overcomes this technical hurdle via a careful analysis of such dependencies. We
follow a leave-one-out proof technique. Roughly speaking, in order to understand the distribution of
the i-th coordinate of the de-biased estimator 5?, we consider a modified problem in which column ¢
is removed from the design matrix X. We then study the consequences of adding back this column,
and bound the effect of this perturbation. An outline of this proof strategy is provided in Section
4.1.

We state below a simplified version of our main result, referring to Theorem 3.6 below for a full
statement, including technical conditions.

Theorem 1.1 (Known covariance). Consider the linear model (2) where X has independent Gaus-
sian rows, with zero mean and covariance ¥ = Q1. Assume that ¥ satisfies the technical con-
ditions stated in Theorem 3.0. Define the de-biased estimator 64 via Eq. (5) with M = Q and
grasse = Qlasso(y X X) with A = 8c+/(log p)/n.

If n,p — oo with so = o(n/(logp)?), then we have
V@ —6%) = Z + op(1), Z|X ~ N(0,0205Q). (10)

Here op(1) is a (random) vector satisfying |lop(1)]cc — O in probability as n,p — oo, and Z|X ~
N(0,02Q%0Q) means that the conditional distribution of Z given X is centered Gaussian, with the
stated covariance.

Remark 1.2. The more complete statement of this result, Theorem 3.6 provides explicit non-
asymptotic bounds on the error term op(1), In particular [op(1)|e turns out to be of order
v/so/n (log p) with probability converging to one as n,p — oc.

Remark 1.3. We believe that a generalization of this result should apply to a broad class of random
designs with independent sub-Gaussian rows. The main technical challenge in extending the present
techniques to the sub-Gaussian setting is in generalizing the leave-one-out construction. As discussed
in Section 4.1, when studying the effect of modifying column ¢, we need to account for dependencies
between columns. This is easier to do for Gaussian designs, where dependencies are fully described
by the design covariance .

Remark 1.4. Roughly speaking, Theorem 1.1 (and its complete version, Theorem 3.6) implies
that —at least for Gaussian designs, and neglecting logarithmic factors— statistical inference can be
performed from a number of samples that scale as the number of non-zero parameters. This should
be contrasted with earlier results [Z27Z14, VAGBRDI14, JM14a], that require a number of samples
scaling as the square of the number of parameters.

It is instructive to compare this with the past progress in sparse estimation and compressed
sensing. In that context, earlier work based on incoherence conditions [DHO1, DET06] implied



accurate reconstruction from a number of random samples scaling quadratically in the number of non-
zero coefficients. Subsequent progress was based on the restricted isometry property [CRT06, CT07],
and established accurate reconstruction from a linear number of measurements.

Remark 1.5. An alternative approach to avoid the ¢1-/+, bund in Eq. (9) is to modify the definition
of de-biased estimator in Eq. (5), using sample-splitting. Roughly speaking, we can split the same
in two batches of size n/2. One batch is then used to estimate f== and the other batch for y and
X appearing in Eq. (5) (and possibly for computing M).

Appendix F discusses in greater detail this method. This approach is subject to variations due
to the random splitting, and does not make use of part of half of the response variables. While it
provides a viable alternative, it is not the focus of the present work.

1.3 Extensions and applications

Theorem 1.1 raises an important questions: Can we compute confidence intervals under the weak
sparsity condition s = o(n/(logp)?), even if the precision matriz Q is unknown? Does the Gaussian
limit hold even if M is an imperfect estimate of Q7

The general procedure we have in mind is the same as in [ZZ14, VAGBRD14, JM14a]. Namely,
we construct a suitable de-biasing matrix M from the design matrix X, and an estimate & of the
noise variance. Then, for a significance level a € (0, 1), we construct the following confidence interval
for parameter 6;:

Ji@) = (6} = 6(an), 6] + 5(an)] (11)

vn

where ®(z) = [*_ et/ dt /V/27 is the Gaussian distribution. Section 3.3 presents a more technical
discussion of this procedure. A straightforward generalization also allows to compute p-values, for
the null hypothesis Hy; : 67 = 0. Here we provide a brief examination of various types of issues
arising in applications and corresponding solutions.

5(a,m) (1 - a/2)=(MEMT)}?, (12)

Assumptions on the design. The assumption of random design X with i.i.d. Gaussian rows
is obviously highly idealized. However this naturally arises in the context of estimating Gaussian
graphical models. This is itself a broad topic that attracted significant amount of work, since the
seminal work of [MBO06]. Remarkably recent contributions have shown the utility of de-biasing
methods in this context [JvdG14, CRZZ15, JvdG15].

From an even broader point of view, let us emphasize that a substantial part of earlier results on
de-biasing assumed random designs [Z7Z14, VAGBRD14, JM14a], albeit with less restrictive assump-
tions. We believe that the proof technique developed in the present paper might be generalizable to
such a broader setting.

Noise level and regularization. The construction of the confidence interval J;(a) in Eqgs. (11),
(12) requires a suitable choice of the regularization parameter A\, and an estimate of the noise level
0. The same difficulty was present in [ZZ14, VAGBRD14, JM14a]. The approaches used there (for
instance, using the scaled Lasso [SZ12]) can be followed in the present case as well. Under the



assumptions of Theorem 1.1, the same proofs of [JM14a] show that the additional error due to the
choice of \ and 7 are negligible.

Estimation of Q. Crucially, Theorem 1.1 (and its technical version, Theorem 3.6) assumes that
de-biasing is performed using the precision matrix M = 2. While in general ) is unknown, there are
settings in which an estimate M that is accurate enough can be constructed. Let us briefly mention
two such scenarios: the second one will be analyzed in greater technical detail in Section 3.3.

Semi-supervised learning. In this context, the statistician is given additional samples T1,Ts,..., TN €
RP with the same distribution as the {z;}1<i<n. For these ‘unlabeled’ samples, the response variable
is unknown. There are indeed many applications in which acquiring the response variable is much
more challenging than capturing the covariates [CSZ06], and therefore N > n. In this setting, we
can estimate 2 more accurately from {Z;}1<;<n (using —for instance— a high-dimensional covariance
estimation method as in [MBOG6]), then use this estimate to construct M.

Very sparse precision matriz. If the precision matrix € is sufficiently structured, then it can be
reliably estimated from the design matrix X. Both [Z2Z14] and [VAGBRD14] assume that €2 is sparse,
and use the node-wise Lasso to construct an estimate Q) [MBO6]. They then set M = Q.

We followed the same procedure and hence generalized Theorem 1.1 to the setting of unknown,
sparse precision matrix. We state here a simplified version of this result, deferring to Theorem 3.10
for a more technical statement including non-asymptotic probability bounds.

Theorem 1.6 (Unknown covariance). Consider the linear model (2) where X has independent
Gaussian rows with precision matriz §, satisfying the technical conditions of Theorem 1.1 (stated
in Theorem 5.6). Define the de-biased estimator 64 via Eq. (5) with Gl = GL““’(y,X A), A =
8a+/(logp)/n, and M = Q computed through node-wise Lasso (see Section 3.3).

Let sq the maximum number of non-zero entries in any row of Q. If n,p — oo with sy =
o(n/(sq(logp)?)), then we have

V@t —6%) = Z + op(1), Z|X ~ N(0,02Q5Q) (13)
where op(1) is a (random) vector satisfying ||op(1)|cc — O in probability as n,p — oco.

Remark 1.7. As mentioned above, this version of the de-biased estimator can be constructed entirely
from data. The only unspecified steps are the choice of the regularization parameter A\, and the
estimation of the noise level 0. These can be addressed as in [ZZ14, VAGBRD14, JM14a] without
changes in the sparsity condition.

Remark 1.8. The sparsity condition sy = o(n/(sq(logp)?)) nicely illustrates the practical improve-
ment implied by our more refined analysis. If the sparsity of the precision matrix is of the same
order as the sparsity of 6%, i.e. sq = O(sp) as in [Z2Z14, VAGBRDI14], we recover the condition
sop = o(y/n/logp) which is assumed in the results of [ZZ14, VAGBRD14]. (Note that [JM14a] obtain
the same condition without sparsity assumption on €2.) In this regime, our improved analysis does
not bring any advantage, since the bottleneck is due to the inaccurate estimation of 2.

On the other hand, if the precision matrix is much sparser, we obtain a much weaker con-
dition on the coefficients 6*. For instance if sq = @(5(1) %), then we get the condition sy =

o(nt/ =Y /(log p)?/(>=9), and for b = 1 (i.e. when Q has O(1) non-zeros per row), this reduces
to so = o(n/(logp)?).



1.4 Organization

The rest of the paper is organized as follows. Section 2 discusses relations with earlier work in this
area. We state formally our results in Section 3. This section contains some preliminary material,
a complete statements of the two theorems discussed above (known and unknown covariance), and
a numerical illustration. Section 4 presents the proof of Theorem 1.1, covering the case of known
covariance (whose technical version is stated as Theorem 3.6). Section 5 presents the proof of
Theorem 1.6, for unknown covariance (whose technical version is stated as Theorem 3.10).

Proofs of several technical lemmas are deferred to appendices.

2 Related work

A parallel line of research develops methods for performing valid inference after a low-dimensional
model is selected for fitting high-dimensional data [LTTT14, FST14, TLTT14, CHS15]. The re-
sulting significance statements are typically conditional on the selected model. In contrast, here we
are interested in classical (unconditional) significance statements: the two approaches are broadly
complementary.

Our proof is based on a leave-one out technique, and is partially inspired from ideas in math-
ematical spin glass theory [Tall0]. Similar techniques recently proved useful in analyzing robust
regression [EKBBL13, Karl3].

The focus of the present paper is assessing statistical significance, such as confidence intervals,
for single coordinates in the parameters vector #* and more generally for small groups of coordinates.
Other inference tasks are also interesting and challenging in high-dimension, and were the object of
recent investigations [BEM13, BC14, JBC15, JS15].

Sample splitting provides a general methodology for inference in high dimension [WR09, MB10].
As mentioned above, sample splitting can also be used to define a modified de-biased estimator, see
Appendix F. However sample splitting techniques typically use only part of the data for inference,
and are therefore sub-optimal. Also, the result depend on the random split of the data.

A method for inference without assumptions on the design matrix was developed in [Meil4]. The
resulting confidence intervals are typically quite conservative.

The de-biasing method was developed independently from several points of view [Bith13, ZZ14,
JM14b, VAGBRD14, JM14a]. The present authors were motivated by the AMP analysis of the
Lasso [DMMO09, BM11, BM12, BLM15], and by the Gaussian limits that this analysis implies. In
particular [JM14b] used those techniques to analyze standard Gaussian designs (i.e. the case ¥ =1I)
in the asymptotic limit n, p, so — oo with so/p, n/p constant. In this limit, the de-biased estimator
was proven to be asymptotically Gaussian provided so < C'n/log(p/so) (for a universal constant
(). This sparsity condition is even weaker than the one of Theorem 1.1 (or Theorem 3.6), but the
result of [JM14b] only holds asymptotically. Also [JM14b] proved Gaussian convergence in a weaker
sense than the one established here, implying coverage of the constructed confidence intervals only
‘on average’ ofer the coordinates i € {1,...,p}.

A non-asymptotic result under weaker sparsity conditions, and for designs with dependent columns,
was proved in [JM13]. However, this only establishes gaussianity of «9? for most of the coordinates
i€ {1,...,p}. Here we prove a significantly stronger result holding uniformly over i € {1,...,p}. In
a recent and independent contribution, Cai and Guo [CG15] also investigate the regime of moderate
sparsity v/n/logp < so < n/logp, and construct valid confidence intervals, of size (sologp)/n (much



larger than the parametric rate 1/4/n that we consider here). While this length is proved to be
optimal, this lower bound is related to the estimation of the design covariance. Our Theorem 3.10
clarifies the trade-off between knowledge of the design covariance, and sparsity of the coefficients’
vector.

Most of the work on statistical inference in high-dimensional models has been focused so far on
linear regression. The de-biasing method admits a natural extension to generalized linear models
that was analyzed in [VAGBRD14]. Robustness to model misspecification was studied in [BvdG15].
An R-package for inference in high-dimension that uses the node-wise Lasso is available [DBMM14].
An R implementation of the method [JM14a] (which does not make sparsity assumptions on €2) is
also available!.

3 Results

3.1 General notations

We use ¢; to refer to the i-th standard basis element, e.g., e; = (1,0,...,0). For a vector v, supp(v)
represents the positions of nonzero entries of v. Further, for a vector v, sign(v) is the vector with
entries sign(v); = +1 if v; > 0, sign(v); = —1 if v; < 0, and sign(v); = 0 otherwise. For a matrix

M € R™P and a set of indices J C [p|] we use M; to denote the submatrix formed by columns
in J. Likewise, for a vector # and a subset S, fg is the restriction of € to indices in S. For an
integer p > 1, we use the notation [p] = {1,---,p} and the shorthand ~ i for the set [p]\i. We
write ||v||, for the standard £, norm of a vector v, i.e., |[v|l, = (33, [v:|P)"/P and ||v||o for the umber
of nonzero entries of v. For a matrix A € R™*", ||Al|, denotes it £, operator norm; in particular,
[Alloo = maxi<j<m >y [Aj|. This is to be contrasted with the maximum absolute value of any
entry of A that, as mentioned above, we denote by |A|o = max;<m j<n |Ai;|. Finally, for two
functions f(n) and g(n), the notation f(n) > g¢g(n) means that f ‘dominates’ g asymptotically,
namely, for every fixed positive C, there exists n(C) such that f(n) > Cg(n) for n > n(C). We also
use f(n) < g(n) to indicate that f is ‘bounded’ above by g asymptotically, i.e., f(n) < Cg(n) for
some positive constant C. We use the notations f(n) < g(n) and f(n) = o(g(n)) interchangeably
and op(-) to indicate asymptotic behavior in probability as the sample size n tends to infinity.

We will use ¢, (... to denote generic constants that can vary from one position to the other of
the paper.

3.2 Preliminaries

~

For the sake of simplicity, we will often use 0 = (y, X;A) instead of fta= to denote the Lasso
estimator.

We denote the rows of the design matrix X by z1,...,z, € RP and its columns by z1,...,%, € R".
The empirical covariance of the design X is defined as 3 = (XTX)/n. The population covariance
will be denoted by ¥, we let Q = X! be the precision matrix.

!See http://web.stanford.edu/ montanar/sslasso/.



Definition 3.1. Given a symmetric matriz S € RP*P and a set S C [p], the corresponding compat-

ibility constant is defined as

51(6,59) .
10513

We say that S € RP*P satisfies the compatibility condition for the set S C [p], with constant ¢ if
#(E,8) > ¢. We say that it holds for the design matriz X, if it holds for ¥ = X1 X /n.

ngQ(i, S) = min {

p cll1 < .
min 0 €RY, [0l < 305 } (14)

It is also useful to recall the notion of restricted eigenvalue, introduced by Bickel, Ritov and
Tsybakov [BRT09]. For integer 0 < sy < p and a positive number L, define the set C(sg, L) to be
the set of vectors in RP that satisfy the following cone constraints:

C(S(),L) = {9 eRP: 35 C [p], |S| = Sp, ”95c”1 < LH95”1}

In the high-dimensional regime the empirical covariance S is singular, however, we can ask for
non-singularity of S on cone-restricted directions, namely for vectors in C(sg, ). Rudelson and Zhou
[RZ13] prove a reduction principle that bounds the restricted eigenvalues of the empirical covariance
in terms of those of the population covariance. We will use their result specified to the case of
Gaussian matrices.

Lemma 3.2. [RZ13, Theorem 3.1] Suppose that omin(X) > Cpin > 0 and opmax(X) < Cpax < 00.
Let X € R™P have independent rows drawn from N(0,3). Set 0 < § <1, 0 < so < p, and L > 0.
Define the following event

XU”Q
= n><p: _ < H
Bs(n, s0, L) {X €R (1= 8)v/Coun < Aol

There ezists a sufficiently large constant ¢y = c1(L), such that, for sample size n > c150log(p/sg) we
have

< (14 6)vCmax, Yv € C(sg, L) s.t. v # 0} ,(15)

P(Bs(n, so, L)) > 1 — 2e 70"
Remark 3.3. Fix S C [p] with |S| = s¢. Under the event Bs(n, so,3), we have
2,8 . 50<07 i\]9>
»,8)> min —————
POS) e 6T
0,30
)
oeC(s0.3) 10513
Z (1 - 5)20min’

where the second inequality follows from Cauchy-Schwartz inequality.

We next introduce an event B(n,p) as

B(np) = { 11X Tuil < 2B b (16)

On B (n,p) we can control the randomness part of the problem occurring because of the measurement
noise. A well-known union bound argument shows that B(n, p) has large probability (see, for instance,
[BvdG11]).




Lemma 3.4. [BudG11, Lemma 6.2] Suppose that S <1 foriec [p]. Then we have

P(B(n,p)) > 1- 2"

Finally the lemma below states a property of Gaussian design matrices which will be used re-
peatedly in our analysis.

Lemma 3.5. Let v; = XQe;. Then v and X.; are independent.

Proof. Define u = e; and fix j # ¢. Recall that T, denotes the ¢-th column of X. We write
v =17 | Zpug and

M@

E(wz]) =Y ul (%] )

~
Il
-

p
UpXgilnxn = Z QiXpilnxn
—1

I
Mﬁ

Il
i

S

Qz)ijlnxn = 07
where the last step holds since 7 # j. Since v and Z; are jointly Gaussian, this implies that they are
independent. O

3.3 Statement of main theorems

In our first theorem, we assume that the precision matrix = X! is available and we set M = Q. We
prove the corresponding de-biased estimator is asymptotically unbiased provided that n > sq(log p)?.

Theorem 3.6 (Known covariance). Consider the linear model (2) where X has independent Gaus-
stan rows, with zero mean and covariance X. Suppose that X3 satisfies the following conditions:

(i) Fori € [p|, we have ¥ < 1.
(1i) We have opmin(X) > Cmin > 0 and opmax(X) < Cmax for some constants Cpin and Ciax.
(iii) We have || X7 |oo < p, for some constant p > 0.

Let 0 be the Lasso estimator defined by (3) with A\ = 80\/(log p)/n. Further, let 8% be defined as per
equation (5), with M = Q = Y=L, Then, there exist constants ¢,C depending solely on Cuin, Cmax, 0
and p, such that, for n > max(25logp, csolog(p/so)) the following holds true:

Vi@ -0 )=Z+R,  Z|X ~N(0,0°050Q), (17)
IED<||R\|oo >0y %0 logp) < 2pe oM/ 4 pemn/1000 | gyl gm0t (18)

with cx = (1 — 6)?Ciuin/8.

Let us remind that the notation ||X||s is the maximum ¢; norms of the rows of ¥. The proof of
this theorem is presented in Section 4.

10



This theorem states that if the sample size satisfies n = Q(sglogp), then the maximum size of
the ‘bias’ R; over i € [p] is bounded by

IRl = op(ﬁ log ) .

On the other hand, each entry of the ‘noise term’ Z; has variance UQ(QEIQ)Z-Z-. Applying Lemma 7.2
in [JM13], we have |Q5Q — Q| = op(1) and thus minieb,](QiQ)ii > min;; Q;; — op(1) is of order
one because Q; > CL . Hence, |R;| is much smaller than Z; for n >> so(log p)2. We summarize this
observation in the remark below.

Remark 3.7. Under the assumptions of Thgorem 3.6, if the sample size satisfies n > sogog p)?,
then we have ||R[|c = op(1) and min;ep,)(2%0Q);; = Q(1), with high probability. Hence, 09 is an
asymptotically unbiased estimator for 6*.

Corollary 3.8. Under the assumptions of Theorem 5.6, if so < n/(logp)?, then 04 is normal
distributed. More precisely, for all x € R, we have

P{WM < x} — &(x)

A =0. (19)
o(MEM)})?

lim sup
"0 9o R, |60 [l <s0

Armed with a precise distributional characterization of §d, we can construct asymptotically valid
confidence intervals for each parameter 6y ; as per Egs. (11), (12).

Furthermore, in the context of hypothesis testing, we can test the null hypothesis Hy; : 6 = 0
versus the alternative H4; : 6p; # 0. We construct the two sided p-values

PZ-:2<1—<1><0_(A;/;|§T|)¥2>>. (20)

The decision rule follows immediately: we reject Hy; if P; < o. As already mentioned, in practice o
has to be replaced by an estimator &, an issue already discussed in [JM14a].

Remark 3.9. It is worth noting that the sample splitting approach, discussed in Appendix F, does
not require Condition (iiz) in Theorem 3.6. However as pointed in the introduction, this approach
suffers from variability due to the random splitting and does not fully use half of the response
variables.

We next generalize our result to the case of unknown covariance, where following [Z2714, VAGBRD14]
we construct the de-biasing matrix M using node-wise Lasso on matrix X. For reader’s convenience,
we first describe this construction.

For i € [p], we define the vector §; = (%i;);ep\i € RP~! by performing sparse regression of the
i-th column of X against all the other columns. Formally

NPy . 1, . ~
3(X) = argmin { -1 — X~iy ]+ Xl | (21)
YERP n

11



where X ; is the sub-matrix obtained by removing the i-th column (and columns indexed by [p] \ ).
Also define

} Y12 - —’:Y1,p
o | L Tl (22)
o
and let
7% = diag(72,...,72),  #= %(a: — X i) Z . (23)
Finally, define M = M ()) by
M=T72C. (24)

Theorem 3.10 (Unknown covariance). Consider the linear model (2) where X has independent
Gaussian rows, with zero mean and covariance ¥.. Suppose that Conditions (i), (ii), (iti) in The-
orem 3.6 hold true for . We further let sq be the maximum sparsity of the rows of Q = X1,
i.€.

sq = max|{j # i, Qi # 0} (25)
zE[p]

Let 8 be the Lasso estimator defined by (3) with A = 8c+/(logp)/n, and let 64 be de-biased estimator

with M given by (24) with A= K+/logp/n (with K a suitably large universal constant).
Then, there exist constants c¢,C depending solely on Chin, Cmax, 0 and p, such that, for n >
csologp, the following holds true:

V@ -0 )=Z+R,  Z|X ~N(0,0?MEMT), (26)

P(HRHOO >C [ 508Q 10gp) < 2])670*”/80 +pefn/1000+8p71 +26762n_’_clefc”n’
n

for some constants cy,c,c” > 0.

The proof of Theorem 3.10 is deferred to Section 5.

A large family of precision matrices satisfy conditions of Theorem 3.6 with sq bounded. Examples
include block diagonal 2 where the size of blocks are bounded, and inverse of circulant matrices, e.g.
¥ = 7=l for some 7 € (0,1).

3.4 Numerical illustration

Our goal in this section is to numerically corroborate the result of Theorem 3.6. Mores specifically,
we aim to show that the de-biased estimator exhibits an unbiased Gaussian distribution provided
that the sample size scales linearly with the number of nonzero parameters.

We generate data from linear model (1) with the following configuration. We fix p = 3000 and
consider regression parameter 6y with support Sy chosen uniformly at random from the index set
[p] and 6p; = 0.15 for i € Sy and zero otherwise. The design matrix X has i.i.d. rows drawn from

12



)
N -
1

\ 1 : d [}
. 1 c-am(y))x SE(Y")
. 1 a
» * m(y°)
6, ‘* ‘l
5F : ‘I
4t I\\ *‘|
3’ ‘\ “\
2t *
1l ? 0. = 0.57
o\*:“:=*=*=~$-.£*-,_ "

"6.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 1: Empirical kurtosis of the (rescaled) de-biased Lasso estimator T; = \/ﬁ(g)\? - 9;*)/(0[M§)M]11/LQ) We
plot the kurtosis m(v°) (over coordinates and 100 independent realizations) versus § along with the upper
and lower one standard error curves, As a function of the number of samples per parameter §.. Here, ¢ = 0.2

and 6. = 0.57 is our empirical estimate for the number of samples above which the de-biased estimator is
approximately Gaussian.

N(0,%), where ¥ € RP*P is the circulant matrix with entries ¥; ; = 0.8/"=7. The measurement noise
w has i.i.d. standard normal entries.

Let so = |Sp| and e = s¢/p be the sparsity level and § = n/p denote the under sampling rate. We
vary € in the set {0.1,0.15,0.2,0.25,0.3} and for each value of € we compute critical value of § above
which the unbiased estimator admits a Gaussian distribution. We will denote this critical value as
d. and define it as follows. We vary § and for each pair (g,0), compute the de-biased estimator
(with M = 1) for 100 realizations of noise w. We then compute the empirical kurtosis of each
coordinate T; = \/ﬁ(@d —0F)/ (oM S M| %2) For i € [p], let 4 denote the empirical kurtosis of T,
where we make the dependence on § explicit in the notation. Denote by m(v°) and SD(v?) the mean
and the standard deviation of 7% = (v§,... ,72)7 respectively. We further define the standard error
SE(7°) = SD(v°)/\/p. We use one standard error rule to decide the value of é.. Namely,

b = argmin{é € (0,1), s.t., m(y°) < SE(v°) < 0}. (27)

Figure 1 corresponds to € = 0.2. The asterisks indicate m(7?) and the dotted lines are m(y%) +
SE(v°). By one standard error rule, the estimated value of 6. works out at d, = 0.57.

Figure 2 shows d. versus . The figure clearly verifies that 0. scales at roughly linearly in ¢ (for
small €). In other words, in order for the de-biased estimator to have unbiased Gaussian distribution,
the sample size n has only to scale roughly linearly in the support size sg.

13
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Figure 2: Critical number of samples per coordinate d.., versus fraction of non-zero coordinates £. For § > J.(¢)
the de-biased Lasso estimator is empirically Gaussian distributed in our experiment. The approximately linear
relationship at small € is in agreement with our theory.

4 Proof of Theorem 3.6 (known covariance)

4.1 Outline of the proof

Fix arbitrary integer ¢ € [p]. In our analysis, we focus on the i-th coordinate 6}, and then discuss
how the argument can be adjusted to apply to all the coordinates simultaneously. Our argument
relies on a perturbation analysis. We let 6P be the Lasso estimator when one forces 6] = 7. With a
slight abuse of notation, we use the representation ¢ = (0;,0~;).> Adopting this convention, we have
6° = (67,67 ,) where

0, = arg min £, x (6,) . (28)
Throughout, we make the convention that £, x (6;,0) = L, x((0;,9)).

We observe that 521 can be written as a Lasso estimator. Specifically, by definition of Lasso cost
function we have

* 1 ~ * *
Ly x(07,0) = 5 -lly = 207 — X~i0ll3 + 07| + M0]] -

Letting y = y — 2;0;, we obtain

~1

0. = arg min £j.x,(0). (29)

20r without loss of generality one can assume ¢ = 1.

14



Let v; = XQe; and expand (/9\? — 07 as follows:

V(6 - 07) = \/nb; +7eIQXT< X0) — v/nb;

[+ 840 = 00) + Xi (07 — i) | — Vb
;
\/ﬁ

We decompose the above expression into the following terms:

:\/ﬁei‘f‘%

— V(1 - %m,fm)(@ —0;) +

[w + X (02, — é\w)} . (30)

T

v, w
Zi_ s )
Jn
R(l) = \/ﬁ(l (v, &;) ) 1_9;)’
- (31)
Rz()E ) 1(0* _HP)’

S

(3) _ z /\P 0
R X0, —0.;).
! \/7 ( )

The bulk of the proof consists in treating each of the terms above separately. Term Z; gives the
Gaussian component Z in equation (17). In bounding RZ@)
6P ; is a deterministic function of (y, X.;), v; is independent

we use the fact that v; is independent of
X, as per Lemma 3.5. Moreover, since
of XNZ(G* — Gp ;) as well. Bounding R(s) relies on a perturbation analysis showing that the solutions
of Lasso 0 and its perturbed form Hp are close to each other.

4.2 Technical steps

Let Z = (Z;)1<i<p. We rewrite Z as
1
Z=—0Xx"
vt
Since w ~ N(0,021) is independent of X, we get
Z|X ~ N(0,02Q59).

Let RO = (RW)P_, R® = (RP)P_, R® = (R®P)P_ € RP. In the following, we provide a
detailed analysis to control the terms RV, R(?) R(G),

e Bounding term R : Recalling the definition v; = XQe;, we write
(1) _ L roxTye N — o
R =+/n(1 € QX' Xe; )(0; —07).
Therefore,

IR oo <Vl = Q5|18 — 67

15



For A > 0, let G = G(A) be the event that

= 1
Go(A) = {X ERVP QS o < A ng}.

n

Using the result of [JM14a, Lemma 6.2] for n > (A2Cnin)/(4€2Chax) log p we have

A2 Cmin

= — 2.
24e2Cax

P(X € Gu(a)) >1—2p™ €, c

By choosing A = 10ey/Cax/Cmin We get ¢ > 1. Therefore, provided that n > 25log p,
P(X € Gu(A) >1—-2p ", (32)

In addition, on the event B = Bs(n, so,3) N B(n, p) we have [BvdG11]

~ V20 400 sologp
19=07l = T=5pa Vo = TV

Combining the above bounds, we obtain that on event G,(A) N B,
40Ac /s
1) <o 120

e Bounding term R®: To lighten the notation, we define

- L
S Vn

As discussed 6% is a Lasso estimator with design matrix X.; and response vector § = y — Z;0;, as

~1
per equation (29). We recall the following results on the prediction error of the Lasso estimator,
which bounds || ||2.

Gi Xi(62—02,). (34)

Proposition 4.1. [BudG11, Theorem 6.1] Let S = supp(6*,). Then on the event B(n,p), we have
for A > 8a+/(logp)/n,

a3 < —208
 P%(S, X i)

From the definition of the compatibility constant (cf. Definition 3.1), it is clear that ¢*(.S, iw’,w’) >
#?(S, ). Therefore, combining Proposition 4.1 and Remark 3.3, we arrive at the following corollary:

Corollary 4.2. On the event B = Bs(n, s0,3) N B(n,p), we have for X > 8a+/(logp)/n,

4)\280

2
. < =
HClHQ — (1 _ 6)2Cmin
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Employing Corollary 4.2, we derive a tail bound on RZ@).
For i € [p| define the event

4N
& = {HQH% < (1—5)28gmm} -

By Corollary 4.2, we have B C &; for i € [p]. Hence, for any value ¢t > 0

P(I|R? | > :B) < P(riréa[ﬁlvki! > t:5;)

< pmaxIE{]I(\viT(,;\ > t) -]I(Ei)}
iclp]

< ZpEIé?p}](E<exp {— mmt;@”z] 'H(&'))
2
< 2pexp ( — SOC/\*;Q“> )

with ¢, = (1 — 0)?Chnin/8. In the third inequality, we applied Fubini’s theorem, and first integrate

w.r.t v; and then w.r.t {; using the fact that v; and (; are independent. Note that v; ~ N(0, Q;;1xn)

and thus v ;|¢; ~ N(0,Q;;|¢i||?). Further, on the event &, ||¢;]|? can be bounded as in equation 35.
Setting t = 0/(12850)/(c«Ciminn) log p, we get

128s
(2) > 70 . < -1
IP’(HR oo > ay/ o log p; B) <2p . (36)

e Bounding term R®): In order to bound the last term, we first need to establish the following main
lemma that bounds the distance between Lasso estimator and the solution of the perturbed problem.
We refer to Section 4.3 for the proof of Lemma 4.3.

Lemma 4.3. (Perturbation bound) Suppose that 3;; < 1, for i € [p]. Set A = 8c+/(logp)/n and

let B(Cy) = B(n,p) N Bs(n, (Cyx + 1)s0,3). The following holds true.

oo Ap' > (' )\ < — @ — 7’”/
P(18: —llo > N B(C) < 2exp (=) +exp (— g55) (37)
where,
, 14(1+ p)(1 + 0)v/Chax 1 9
= =1 — min »
¢ 0= = “=sl=9C
_ o f 1+ 0\2Cmax
¢.=16(1=5) o

We are now ready to bound term R®).

1 —~ —~
R(S) < — TXNi [e%e} ep‘ _aNi
B =0T Xl 02, = Ol
< (C* + 1)50
J— \/ﬁ
< V(Co + 1)50n |95 — 1o |0, — Oil2,

0T X illoo |82 — Bmilla
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where in the first inequality we used Proposition 4.7, which states that H@;HO < Cysp, under B, with
C given by equation (54). Therefore, by Lemma 4.3 and equation (32), we have

]P’(\RZ(S)| > C”aﬁlogp; B(C*)) < 2exp < — %) + exp ( - ﬁ) +2p 2,

with C" = 8,/(C, + 1)AC’. Hence, by union bound over the p coordinates, we get

S Cx n _
IP)(HR(S)HOO > "0y /;0 logp;B(C*)) < 2pexp ( - S—()) + pexp ( - m) +2p7 L. (38)
We are now in position to prove the claim of Theorem 3.6.

Using equations (30) and (31), we have \/ﬁ(é\d —60*) = Z + R, where Z|X ~ N(O,U2Q§JQ) and
R=RW + R® 4+ RG). Combining equations (33), (36) and (38), we get

P(\IRHOO > Cﬁlogp; Gn(A) N B(@)) < 2pexp ( - %) + pexp ( - ﬁ) +4p~t,  (39)

where C is given by

C

a<(1 —45())?Cmin + 128 + 8/ (Cy + 1)AC’) : (40)

C*Cmin
Further, for n > max(25logp, ¢;Cyso log(p/so)), we have
P((Gn(4) N B(C))°) < P(Ga(A)) + B(B(n,p)%) + B(Bs(n, (Ca + 1)so, 3)°)
<ol 2p 42 = ap 4 20 (41)

where we used bound (32), Lemma 3.2 and Lemma 3.4.
The result follows from equations (39) and (41).

4.3 Proof of Lemma 4.3 (perturbation bound)
Lemma 4.4. For all § € RP~! the following holds true.

1 7l * * 7l
o IX~i(0 = 23 < Lyx(67,0) — Ly x(67,6%,) . (42)
Define
+ = 1 .
LT(0) = tnin Ly x(0:,0),
A(9) = L, x(0F,0) — LT(0).
Invoking Lemma 4.4, we obtain
1 ~ A ~ ~ ~ A

g Xm0 = 02113 < L7 () = L7(02,) + A(0~s) = AGZ,)
< A0 — A, (43)

18



where in the last step we used the fact that 6.; is the minimizer of LT(0).°
Recall the definition of Huber function H : R x Ry — R,.
alz| — %2 if |z| > a,
H(z;a) =
%2 if |z| < «.
Lemma 4.5. For § € RP~! define

71 (1 + X0~ 6)

u(f) = - (44)
12
Also let ¢; = ||%;]|?/n. Then, the following holds true.
A(0) = F(u(0)) + Alo7 |, (45)
where
Flu) = %uQ — MO +u; N ). (46)
Lemma 4.5 is proved in Appendix B. R
Using equation(43) and by taylor expansion of A(f) around 6%, we obtain
1 ~ N o~ N ~ N . A
o [ Xei(Os = )15 < (VADOL), 0ni = O2) + 50 = 025, VIAWO) (0 = 02)) . (47)

for a vector @ on the line segment between 521 and éNi. Using chain rule, gradient and Hessian of
A(0) can be written as

X
VA(®9) = —F’(u(@)ufnz, (48)
VZA(G) = F”@(@))W (49)

Since H(-; @) is convex in the first argument, we have F” < ¢; uniformly. Denote by Pz, = ;7] /||%:||%,
the projection on the direction of Z;. Then,

_ , 1
VEA@0) < = XTPs Xi = —XT,Ps, Xoi. (50)
1 n
Using equation (50) in bound (47), we get
1 PN SN
5 IP7 Xei (Oi = O2)II3 < (VA(OR,), 0mi = 02,) - (51)
Applying equation (48) and Cauchy-Schwartz inequality we get
| A X -,
o [PE X (B — 02,13 < [P (@) P2 0l (52)
2n 1

The following preposition upper bounds the gradient of F at the perturbed Lasso solution. We defer
the proof of Proposition 4.6 to Appendix C.

3Note that (@, 0..;) is the minimizer of £y x (6;,0~:).
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Proposition 4.6. Fori € [p] define ¥;; = Yii—Yimi(Zmimi) 1. Let B = B(n,p)ﬂBg(n, 50,3),
where the events Bs(n, so,3) and B(n,p) are given as per equations (15) and (16). The following

holds true. 445
(AP V)| > P\ < —
IP)(“: (U(GNZ))| = 4 )\’B> < 2exp ( SQEZ'NZ) .

where ¢, = (1 — 6)*Chuin /8.

We next upper bound the term \|X~i(§Ni - 521)” that appears on the RHS of equation (52).
The following proposition states that the Lasso estimator is sparse. Its proof is given in Ap-
pendix D.

Proposition 4.7. Consider the Lasso selector 0 with \ = 8a+/logp/n. On the event B = B(n,p) N
Bs(n, s, 3), the following holds:

S| < C.so, (53)
with
16C’rnax
© = Cn o

Corollary 4.8. Set A = 8a+/(logp)/n. On the event B(C.) = B(n,p) N Bs(n, (Cy + 1)sq,3), the
following holds.

1 ~ N ~ N
X0 — )7 < (14 0)?Crnax|0~i — 02,117 - (55)

Corollary 4.8 is proved in Appendix E.

We next lower bound ||Z;|l2. Observe that the entries %, — 1, £ € [n], are zero-mean sub-
exponential random variables. We obtain the following tail-bound inequality by applying Bernstein-
type inequality for sub-exponential random variables. (See e.g. [JM14b, Equation (190)].)

P( )17 < *éﬁ) < /1000, (56)
Combining the results of Proposition (4.6) and equations (52), (55) and (56), we obtain that

1 —~ —~ —~ —~
P3P X (@i = 82113 < 701+ p) (1 + )v/Conoc\10i — 82,1 B)

CeT n
<2 - 0%y ) +exp (= 150)

§2exp<—%>+exp<—7lggo), (57)

where the last inequality follows from the assumption Y;; < 1 and noting that X;.; < %, since
Yvi~i = 0. The last step is to lower bound the LHS of equation (52). Write

PEXi(Oni = 02,) = XilOi — 02,) = Py, Xeoi(Bs — 01,
= X i(0i — 0°,) — 9~Cz< o X (0 — §E¢)> :

[E R
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Define vector p € RP with

j’:, —~ _~ ~ ~
o ),

Then p € C((Cx + 1)s0,3), by Proposition 4.7. Hence, on the event B(n, (Cy + 1)sg, 3), we have
1 ~ ~ 1
—IPE X (00 — 0P )I? = — || X ul|?
o IPE X B~ I = o Xl
1
> (1= )Gl
1 o
> 5 (1= 0)*Cunin|0mi — 02| (58)
Finally, note that C(sp,3) C C((Cx« + 1)so,3). Therefore, Bs(n, (Cx + 1)so,3) C Bs(n, so, 3), by defi-
(n

0:3)
nition. Letting B(Cy) = B(n,p) N B(n, (Cx+1)so,n), we have B(C ) C B. Comblnlng equations (57)
and (58), we obtain

~ ~ 14(1 + p)(l + 5)\/Cmax Cy M n
) b .
IP’(HQNZ 9~@H > f 5)20 - )\,B(C*)> < 2€Xp< s ) +exp< 1000) . (59)

This completes the proof.

5 Proof of Theorem 3.10 (unknown covariance)

We decompose /n (6% — 6*) into three terms:

VAl = 7) = V@ 0%) +—=MX Ty - XD)

— (- M@ - 07 + \}EMXTZU

= Vn(I—Q%)(0 —0") +vn(Q — M)S(0 — 6*) + \}MXTw
n
L I \ﬁl’_/
3

Note that the term [; is exactly the bias vector R of the de-biased estimator in case of known
covariance (with M = Q). Therefore, by invoking the result of Theorem 3.6, we have

P(HIlHOO >0, )2 logp> < 2pe /%0 4 pe=n/1000 4 gy,=1 y 9p=0%n (60)
n
We next bound ||I2/cc-
1 —~
IBle = Va|©- M)E)ﬂxw 0%

Vamex | 2 -

OO

IN

X(0- 6%

2
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By applying [BvdGl1, Theorem 6.1] (see also Corollary 4.2 in the present paper), on the event
B = Bs(n, sg,3) N B(n,p), we have for A > 8a+/(logp)/n,

|70, < =5 /e

(62)

To bound the other term, we recall definition of upper-RE condition.

Definition 5.1. The matriz I' satisfies an upper restricted eigenvalue condition with parameters
a >0 and 7(n,p) > 0 if
v'To < allolls + 7(n,p) v} Vo eRP.

Raskutti et al. [RWY10] showed that for Gaussian designs with population covariance 3, the
matrix & = (XTX)/n satisfies the upper-RE condition with o = 20ax(X) and 7(n, p) = c(logp) /n,
with probability at least 1 — ¢’ exp(—c’n) for some constants ¢, ¢, ¢’ > 0.

Rewriting the above bound we obtain

clo

1 gp
ﬁHX(M — Qeill2 < V/2Cmax|[(M — Q)e;l2 + - (M — Qe (63)

As proved in [VAGBRD14, Theorem 2.4], we have the following bounds

1
max [(M - Qe;i S say/—L, (64)
i€[p] n

I
max [[(M — Qeills S 4/ 22, (65)
i€[p] n

Using equations (64), (65) in (63) and we get (recalling that n > ¢sglog p)

<,/891ﬂ‘ (66)
2™ n

Combining equations (62) and (66) in (61), we get that on event B,

SOS
|12l S 00y /== logp., (67)

with probability at least 1 — ¢’ exp(—c’n).
Finally, note that

max

ma H\/IEX(M ~ Qe

I5)X ~ N(0,62MEMT).
The result follows by letting Z = Is and R = I; + I».
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A Proof of Lemma 4.4
For 6 we have
£4x(67,6) = 5 lly — #485 — Xif] + Aol + 267
Let y =y — 2;07. We then have
Ly (07,0) = 5117~ Xeally — Xes0 — 822+ A6 + N6

-~

. 1 ~ 1 ~
= Ly x(07,02,) + 51X (0 = O2)|1* = —(§ = XibZ;, Xei(0 = O2,))
+ Al = A8, (6)
Since 522 is the minimizer of £, x (67, 60) by KKT condition we have

1 ~ ~
EXL(?] - X~i92i) = A&, §€ aHGEiHl . (69)

Applying equation (69) in equation (68) we get

* . 2 1 ~ —~
Lyx(07,0) = Lyx (07,02,) = 511X (0 = 02 )12+ A(110]1 = 82,11 = (.6 — 87,
1 ~
> X ) o 2
> X0 - B2,

where the last step follows from the definition of a subgradient.

B Proof of Lemma 4.5

To lighten the notation, we drop the subscripts y, X in £, x(-). Recall that A(6) = £, x(6},0) —
L1(0). We start by expanding £(6;,6).

1 - *
L£(0:,0) = o - lly — 240 — Xibl3 + A6+ Al -

Plugging in y = 2,0 + X ;07 , + w and rearranging the terms, we obtain

£01,0) =510+ Xoa(0%, = 0)IB + (0] — 05, 5T (1 + Xoi(02 = 0))
+%H~”Ei!\2(9f = 0:) + Al6i] + |0 - (70)
Therefore,
L(07,0) = %Hw + Xi(02; = O3 + +A67 ]+ A0 - (71)
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Combining equations (70) and (71), we rewrite £(6;,0) as
1
L£(6:,60) =L(67,6) + (67 — i, (w4 X (05— 0)))

1 ~ 112 2
— 1|2 12(0F — 6;)% + A|6;]| — \|6:
+ 51T 07 = 6:)° + Al6i] — A6

1 ¥ 2
=N0i| + — | E:]1*(0: — 0 — =1 (w + Xoi(02; — 6
011+ g Il (0 = 0F = 2 (w4 X0, - )
—L(gﬂ(wnux -(9*.—9)))2+c(9* 0) — \6;] (72)
2nffa[P A e

Writing expression (72) in terms of ¢; = ||#;?/n and (), given by (44), we get

L(6:,6) = N6i| + 5 (6 — 07 — u(9))* = Ju(6)? + L(6,6) — N6 . (73)
Let 09" = argming, £(6;,6). Tt is simple to see that 67" = n(6 + u(f); \/c;), where n(z;a) is the
soft-thresholding function given by

r—a >,
n(x;a) =40 lz] < o,

r+a < —a.
By substituting for prt in equation (73) and after some algebraic manipulations, we obtain
i
L(OP,0) = c;H(0; +u(0); N ei) — ;u(aﬁ + L(07,0) — |07,

where #(x; @) is the Huber function. By definition, £+(0) = £(6:"",0) and thus
A(8) = L(8;,0) = £*(6) = Ju(6)? — c/H(6; +u(8): Me) + N6 |
= F(u(0)) + Al ],

where F(u) is given by equation (46).

C Proof of Preposition 4.6
Write
F'(u) = ciu — ¢;H' (0] +u; N/ ).
We note that H'(x; @) = x — n(z; ) and hence |H'(z; «)| < a. Therefore,
IF'(uw)] < ciul + ei(Aei) = A+ cilul .- (74)

In the following we bound cl|u(§gl)|
For i € [p| define
Yiji = Xii — Yimi(Bimi) i -
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Since z; and X.; are jointly Gaussian, we have

Fi = Xi (Smini) " Bt + 322, (75)
where z € R” is independent of X.; with i.i.d standard normal coordinates. Further, ~
Recalling the definition of ¢; = ||Z;||/n and u(6), given by equation (44), we write ¢;|u(62,)| as
1

Cz,u(@:z)‘ = "

&7 (w + Xoi(0 552»))]

1
21/2 42
n

i~

IN

1 . * — * )
E’%’Tw\ 2TX (07— 0) Yimi(Bmimd) X T X (08, — 7))

1
4ﬂm+f§”
n n

i|~i

IN

* . 1 — * 7
2T X (05 — 0P| + ﬁllzi,w(zw,w’) X DX (07 — 07 )|oo -

(76)

The first inequality here follows from equation (75).
In the following we bound each term on the RHS of equation (76) individually.
On the event B(n,p), defined by equation (16), we have

1 1 I A
“JaTwll < S X Twlleo < 204/ 22 = 2 (77)
n n n 4

We use Corollary 4.2 to bound the second term of expression (76). We recall the event Bs(n, so, 3),
given by equation (15) and let B = B;(n, so, 3)NB(n, p). Further, recall the notation ¢; = || X;(0}, —
6° )||/v/n and the event & defined by equation (35). We write

P(J=5if% 1761 2 a8) < B(lf2 76 2 i)

—E{H(ﬁ Ti 127Gl = A) - 1(ED |

< 2E(exp [— 2EZ|7Z\|TCZ||2] -]I(EZ-))
oo (- ) <78>

with ¢, = (1 — §)2Chin/8. Here, the penultimate inequality follows from Fubini’s theorem where we
first integrate w.r.t z and then w.r.t ¢;. Note that z and ¢; are independent. Therefore, z7¢(;|¢; ~
N(0, [|¢]|?). In the last step, we applied Corollary 4.2.
We next bound the third term on the RHS of equation (76). Note that the KKT conditions for

optimization (29) reads

1 T *

T (0 X0, B2)) = X6, (79)
for £ € 8”(/9\21\\1 To lighten the notation, let

1 . ~
Vi = EXIiXNi(QNi - 921‘) .
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We know by equation (79),
1
I#illse < X Tloe + Alllo-

1 lo A
—||XIZ~w||OO <204/ &P _ —.
n n 4

Combining the above two inequalities we obtain

On the event B(n, p) we have

IV]|oo < BA/4. (80)

We next employ Condition (7ii) to bound [|%; ~i(X~i~i) 1. By writing X! in terms of Schur
complement, we have
1= el = S [1 4 1B (i) )
By Condition (iii), ||X"te;]|y < p. Further, by Condition (i), Yij~i <3 < 1. Hence, we get
IBimi(Bmind) T < p— 1. (81)

Using equations (77) to (81), we bound the RHS of equation (76) as follows. Under the event B,

~ 5\
lu(@)] < .

Applying the above bound to equation (74), we get the desired result.

D Proof of Proposition 4.7

This proposition is an improved version of Theorem 7.2 in [BRT09].
We first recall the definition of restricted eigenvalues as given by:

(v, S0)
= max 3 -
1<|vllo<k ||v||5

¢max (k)

Clearly, ¢max(k) is an increasing function of k.
Employing [Ver12, Remark 5.4], for any 1 < k < n and a fixed subset J C [p| with |J| = k, we
have

n

~ k t 2
> . o < 7Ct
P(amw(EJ,J)_Cmaﬁc\/; + f)_2e :

for t > 0, where C and ¢ depend only on Chax. Therefore, by union bound over all possible subsets
J C [p] we obtain

k t
P<¢max(k) 2 Cmax + C\/; + %) S 2('2) e*Ct2 S 2670t2+k‘10gp+k7 (82)

for t > 0.
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_Let S = sAupp(a). Recall that the stationarity condition for the Lasso cost function reads X T (y —

~

X0) = nAv(8), where v(8) € 9||6]|;. Equivalently,

1 ~ ~ 1
XX —0) = ) — —XTw.
n n
On the event B(n, p), we have || X Tw||oo < nA/4. Thus for all i € §

1 ~ A
ZIXTX(0F —0);] > =
n[ ( )] 25

Squaring and summing the last identity over i € S, we obtain that, for h = n=1/2X (0" — 5),

Moo 1 1 S 5
MI8 < ST X = (S XXTR) < IS5 5B < oman (SN (83)
i€S

By a similar argument as in Corollary 4.2, on the event B = B(n,p) N B(n, so,3) we have
4)\250
hlp < ————r—.
H H2 = (1 —6)20min
Thus,

16¢max(S)

5] < mso- (84)

Note that |§ | < n by the fact that the columns of X are in generic positions. Using monotonicity
property of ¢max(:), we have ¢max(|S]) < Pmax(n). Invoking equation (82) with £ = n, we have
dmax(n) < c1v/logp with high probability for some constant c;.

Hence, by equation (84)

~ o~ ~ 16¢
S| < Cspv/logp, C m (85)

Now, we use this bound on |S| along with equation (84) to get a better bound on |S|. Again by
using the fact that ¢max(k) is a non-decreasing function of k, we have

Dmax(1S]) < Pmax(Cs0v/108P) < Conax » (86)

with high probability where we used the assumption n > so(logp)?. Using this bound in equa-
tion (84), we get
~ 16Cmax

S|<—F35p.
&l (1-— 6)20min50
The result follows.

E Proof of Corollary 4.8

Note that /0\52 is the Lasso estimators corresponding to (g, X~;), according to equation (29). As a
corollary of Proposition 4.7, on event B, ||§EZH0 < C.s0, with Cy = (16Cmax/Crmin) (1 — §)72. Also,
Hé\NiHo < sg. Therefore,(0, %—@Ei) € C((Cy+1)sp, 3) and, by definition, on event Bs(n, (Cx+1)sg, 3),
the claim holds true.
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F Sample splitting techniques

In this appendix, we discuss how sample splitting can be used to modify the de-biased estimator as to
go around the sparsity barrier at so = o(y/n/logp). This provides an alternative to the more careful
analysis carried out in the main body of the paper, that we discuss for the sake of simplicity. As
mentioned in the introduction, sample splitting has its own drawbacks, most notably the dependence
of the results on the random data split, and the sub-optimal use of all the samples.

For the sake of notational simplicity we assume here that the number of samples is 2n and is
randomly split in two batches of size n: (x1,vy1), ..., (Tn,Yn), and (T1,%1),- .-, (Tn,y,). Note that
the change of notation only amounts to a constant multiplicative factor in the sample size, which is
of no concern to us. In vector notation, these batches are denoted as (y, X) and (7, X). We then
proceed as follows:

1. We use the second batch to compute the Lasso estimator, namely

~ 1 -

07, X;)\) = — |7 — X015+ |01 ¢ - 87

7.X53) = ang e { 517~ X018 -+ Al | (87)

2. We use the first batch to compute the debiasing matrix M, e.g. using the node-wise Lasso as
in Section 3.3.

3. We use the first batch to implement the de-biasing, namely

~

~ _ 1 ~
gPit — (7, X) + EMXT (y— X0y, X)). (88)

The main remark is that, thanks to the splitting, X is statistically independent from 5, which greatly
simplifies the analysis. Notice that we did not use the responses in y.

For the sake of simplicity, we shall analyze this procedure in the case in which the precision matrix
) is known, and we hence set M = ). The generalization to M constructed via the node-wise Lasso
is straightforward as in the proof of Theorem 3.10.

The next statement implies that, for sparsity level so = o(n/(log p)?),the sample splitting de-
biased estimator is asymptotically Gaussian.

Proposition F.1. Consider the linear model (2) where X has independent Gaussian rows, with zero
mean and covariance Y. Suppose that X satisfies the technical conditions of Theorem 5.0

Let 8 be the Lasso estimator defined by (3) with A = 8c+/(logp)/n. Further, let GPlit e the mod-
ified (sample-splitting) de-biased estimator defined in Eq. (88) with M = Q = X7L. Then, there exist
constants ¢, C' depending solely on Cyin, Crmax,d and p, such that, for n > ¢ max(logp, solog(p/so))
the following holds true:

Vi@ —0)=Z+R,  Z|X ~N(0,0%050Q), (89)
. 50 _
Tim P(||R]o = €/*21ogp) = 0. (90)

Proof. Proceeding as in the proof of Theorem 3.6, it is sufficient to bound the bias term of \/ﬁ(gsmit —
0*), which is given by (cf. (8))

R=n(QE —1)(0* - 0). (91)
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To lighten the notation, let u = 68* — 9. Expanding R we get

R=/n(QE - Du fz::Qxx (92)

To control ||R||s, we bound each component R; individually. Let e; be the j-th element of the
standard basis with one at the j-th position and zero everywhere else. We write

1 n
R; = — Z(e;rﬁxl)(xju) —u;.
(=

Let Z; = (eJTQ:UZ)(szu) — uj. The variables Z; are independent since u is independent of X because
of data splitting and the rows x; are also independent. Furthermore, E(Z;) = eJTQZu —uj =0. We
let || - ||y, and || - ||y, respectively denote the sub-exponential and sub-gaussian norms. As shown in
[Verl2, Remark 5.18],

1Zillgn < 2lI(e Qi) (@] w)lly, -

In addition, for any two random variables v and w, we have |[vw||y, < 2|[v||y, ||w||y,. Hence,

T T T T
[1(ej Qi) (i w)lly, < 2llej Quilly, [l2; wlly,

= 2]l Q2 o]V 2a; |3, I ully
< 24/Crnax/Chmin ‘|Ql/2xiH12/}2HU”2 .
Given that QY2z; ~ N(0,T), we get ||Q2x;]ly, = 1. Hence, max; || Zi|ly, < Cllullz with C =

41/Chax/Cnin- Applying Bernstein-type inequality [Verl2, Proposition 5.16], for every ¢ > 0, we
have

> t} < 2exp [— cmin <C2T|1||%, Ctmzﬂ ; (93)

"1
P{‘g\/ﬁ&

where ¢ > 0 is an absolute constant. Observe that on the event B = Bs(n, s¢,3) N l’;’(n,p)4, we have

lull3 = [16* = 8113 < s0X°.

Therefore, by using tail bound (93) and applying union bound over the p entries of R, we get (for

n > clogp with ¢ a suitable constant)
50
[Blloc S 4/~ logp,
n

with high probability. O

4See Section 3.2 for definition of Bs(n, so,3) and é(n,p)
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