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Abstract

To improve the efficiency of Monte Carlo estimation, practitioners are turning to
biased Markov chain Monte Carlo procedures that trade off asymptotic exactness
for computational speed. The reasoning is sound: a reduction in variance due to
more rapid sampling can outweigh the bias introduced. However, the inexactness
creates new challenges for sampler and parameter selection, since standard mea-
sures of sample quality like effective sample size do not account for asymptotic
bias. To address these challenges, we introduce a new computable quality measure
based on Stein’s method that bounds the discrepancy between sample and target
expectations over a large class of test functions. We use our tool to compare exact,
biased, and deterministic sample sequences and illustrate applications to hyper-
parameter selection, convergence rate assessment, and quantifying bias-variance
tradeoffs in posterior inference.

1 Introduction

When faced with a complex target distribution, one often turns to Markov chain Monte Carlo
(MCMC) [1]] to approximate intractable expectations Ep[h(Z)] = [, p(x)h(x)dx with asymp-
totically exact sample estimates Eg[h(X)] = D", q(z;)h(z;). These complex targets commonly
arise as posterior distributions in Bayesian inference and as candidate distributions in maximum
likelihood estimation [2]. In recent years, researchers [e.g., 3} 14} 5] have introduced asymptotic bias
into MCMC procedures to trade off asymptotic correctness for improved sampling speed. The ra-
tionale is that more rapid sampling can reduce the variance of a Monte Carlo estimate and hence
outweigh the bias introduced. However, the added flexibility introduces new challenges for sampler
and parameter selection, since standard sample quality measures, like effective sample size, asymp-
totic variance, trace and mean plots, and pooled and within-chain variance diagnostics, presume
eventual convergence to the target [[L] and hence do not account for asymptotic bias.

To address this shortcoming, we develop a new measure of sample quality suitable for comparing
asymptotically exact, asymptotically biased, and even deterministic sample sequences. The quality
measure is based on Stein’s method and is attainable by solving a linear program. After outlining
our design criteria in Section 2] we relate the convergence of the quality measure to that of standard
probability metrics in Section 3] develop a streamlined implementation based on geometric spanners
in Section ] and illustrate applications to hyperparameter selection, convergence rate assessment,
and the quantification of bias-variance tradeoffs in posterior inference in Section [5] We discuss
related work in Section[6]and defer all proofs to the appendix.

Notation We denote the /5, £1, and /., norms on R? by ||| 9
often refer to a generic norm ||-|| on R? with associated dual norms |jw|* £ SUP,erd:|ju]|=1 (W, V)
for vectors w € RY, |[M|" £ sup,cpa, o1 |Mv[|" for matrices M € R**?, and ||T[" =
SUD, ca ||| =1 |T[V]||" for tensors T" € R¥*?*¢ We denote the j-th standard basis vector by e;, the

|l and ||-|| ,, respectively. We will

partial derivative % by V4, and the gradient of any R?-valued function g by Vg with components
(Vg(2))j1 & Vigj(@).



2 Quality Measures for Samples

Consider a target distribution P with open convex support X C R? and continuously differentiable
density p. We assume that p is known up to its normalizing constant and that exact integration under
P is intractable for most functions of interest. We will approximate expectations under P with the
aid of a weighted sample, a collection of distinct sample points z1, . .., z, € X with weights ¢(x;)
encoded in a probability mass function g. The probability mass function ¢ induces a discrete distri-
bution @ and an approximation Eg[h(X)] = Y7, q(z;)h(x;) for any target expectation Ep[h(Z)].
We make no assumption about the provenance of the sample points; they may arise as random draws
from a Markov chain or even be deterministically selected.

Our goal is to compare the fidelity of different samples approximating a common target distribution.
That is, we seek to quantify the discrepancy between Eg and Ep in a manner that (i) detects when
a sequence of samples is converging to the target, (ii) detects when a sequence of samples is not
converging to the target, and (iii) is computationally feasible. A natural starting point is to consider
the maximum deviation between sample and target expectations over a class of real-valued test
functions H,

du(Q, P) = sup [Eq[h(X)] - Ep[h(Z)]]. (1)
heH

When the class of test functions is sufficiently large, the convergence of d3;(Q,,, P) to zero implies
that the sequence of sample measures (Q),,)m>1 converges weakly to P. In this case, the expression
(I) is termed an integral probability metric (IPM) [6]. By varying the class of test functions H, we
can recover many well-known probability metrics as IPMs, including the total variation distance,
generated by H = {h : X — R | sup,cy |h(z)| < 1}, and the Wasserstein distance (also known as
the Kantorovich-Rubenstein or earth mover’s distance), dWH q° generated by

H= WH'H £ {h X —- R ‘ SUPy£yecx W < 1}.

The primary impediment to adopting an IPM as a sample quality measure is that exact computation
is typically infeasible when generic integration under P is intractable. However, we could skirt this
intractability by focusing on classes of test functions with known expectation under P. For example,
if we consider only test functions h for which Ep[h(Z)] = 0, then the IPM value dy (Q, P) is the
solution of an optimization problem depending on () alone. This, at a high level, is our strategy,
but many questions remain. How do we select the class of test functions h? How do we know that
the resulting IPM will track convergence and non-convergence of a sample sequence (Desiderata
(1) and (ii))? How do we solve the resulting optimization problem in practice (Desideratum (iii))?
To address the first two of these questions, we draw upon tools from Charles Stein’s method of
characterizing distributional convergence. We return to the third question in Section

3 Stein’s Method

Stein’s method [[7] for characterizing convergence in distribution classically proceeds in three steps:

1. Identify a real-valued operator 7 acting on a set G of Rd-value functions of X for which
Ep[(Tg)(Z)] =0 forall ge€g. (2)
Together, 7 and G define the Stein discrepancy,

S(Q.T.9)= sup [Eq[(T9)(X)]| = sup E[(T9)(X)] —Ep[(T9)(2)]| = d7g¢(Q, P),

an IPM-type quality measure with no explicit integration under P.

2. Lower bound the Stein discrepancy by a familiar convergence-determining IPM dy,. This
step can be performed once, in advance, for large classes of target distributions and ensures
that, for any sequence of probability measures (Lt )m>1, S(tm, T, G) converges to zero
only if dg; (i, P) does (Desideratum (ii)).

'One commonly considers real-valued functions g when applying Stein’s method, but we will find it more
convenient to work with vector-valued g.



3. Upper bound the Stein discrepancy by any means necessary to demonstrate convergence to
zero under suitable conditions (Desideratum (i)). In our case, the universal bound estab-
lished in Section[3.3] will suffice.

While Stein’s method is typically employed as an analytical tool, we view the Stein discrepancy as
a promising candidate for a practical sample quality measure. Indeed, in Section[d] we will adopt an
optimization perspective and develop efficient procedures to compute the Stein discrepancy for any
sample measure ) and appropriate choices of 7 and G. First, we assess the convergence properties
of an equivalent Stein discrepancy in the subsections to follow.

3.1 Identifying a Stein Operator

The generator method of Barbour [8] provides a convenient and general means of constructing op-
erators 7 which produce mean-zero functions under P (@) . Let (Z;);>o represent a Markov process
with unique stationary distribution P. Then the infinitesimal generator A of (Z;);>¢, defined by

(Au)(z) = }g% (E[u(Z}) | Zo = 2] — u(z))/t for u:RY =R,

satisfies Ep[(Au)(Z)] = 0 under mild conditions on .4 and u. Hence, a candidate operator 7 can
be constructed from any infinitesimal generator.

For example, the overdamped Langevin diffusion, defined by the stochastic differential equation
dZy = %V log p(Z)dt + dW for (W}):>0 a Wiener process, gives rise to the generator

(Apu)(z) = 3 (Vu(z), Viogp(a)) + 5(V, Vu(a)) 3

After substituting g for %Vu, we obtain the associated Stein operator

(Tpg)(z) £ (g(x), Viogp(z)) +(V, g(z)). S
The Stein operator 7p is particularly well-suited to our setting as it depends on P only through the
derivative of its log density and hence is computable even when the normalizing constant of p is not.

If we let X denote the boundary of X’ (an empty set when X' = R?) and n(x) represent the outward
unit normal vector to the boundary at x, then we may define the classical Stein set
« IVg(z) = V)"

sup max| ||g()]|", [[Vg(2)|",
s (||<>|| v(o, VL=

N . d
gH'H = {g.X—>R

)gl and

(g(x),n(x)) = 0,Vx € X with n(z) deﬁned}

of sufficiently smooth functions satisfying a Neumann-type boundary condition. The following
proposition — a consequence of integration by parts — shows that G is a suitable domain for 7p.

Proposition 1. IfEp[||Vlogp(Z)|] < oo, then Ep[(Tpg)(Z)] =0 forall g € Gy ..

Together, Tp and G -] form the classical Stein discrepancy S(Q,Tp,G Il ), our chief object of study.

3.2 Lower Bounding the Classical Stein Discrepancy

In the univariate setting (d = 1), it is known for a wide variety of targets P that the classical Stein
discrepancy S(pm, Tp, ). ) converges to zero only if the Wasserstein distance dyy, , (fim, P) does
[9 [10]. In the multivariate setting, analogous statements are available for multivariate Gaussian
targets [[L1,112,[13], but few other target distributions have been analyzed. To extend the reach of the
multivariate literature, we show in Theorem [2] that the classical Stein discrepancy also determines
Wasserstein convergence for a large class of strongly log-concave densities, including the Bayesian
logistic regression posterior under Gaussian priors.

Theorem 2 (Stein Discrepancy Lower Bound for Strongly Log-concave Densities). If X = R<, and
log p is strongly concave with third and fourth derivatives bounded and continuous, then, for any
probability measures (fm)m>1, S(tm, Tp, G|.) — 0 only if dy, . (pm, P) — 0.

We emphasize that the sufficient conditions in Theorem [] are certainly not necessary for lower
bounding the classical Stein discrepancy. We hope that the theorem and its proof will provide a tem-
plate for lower bounding S(Q, 7p, G| ) for other large classes of multivariate target distributions.



3.3 Upper Bounding the Classical Stein Discrepancy

We next establish sufficient conditions for the convergence of the classical Stein discrepancy to zero.
Proposition 3 (Stein Discrepancy Upper Bound). If X ~ Q and Z ~ P with V log p(Z) integrable,

S(Q,Tp.G)1) < E[IX — Z||] + E[|Vilog p(X) — Viog p(Z)|] + E[||Vlogp(Z)(X — 2) "]

< E[|X - Z||] + E[|V log p(X) — Vlogp(Z)[] + \/E[ngp(znﬂﬁ[nx - 7)?].

One implication of Proposition [3|is that S(Q, Tp, Gj.||) converges to zero whenever X,,, ~ Q,
converges in mean-square to Z ~ P and V log p(X,,) converges in mean to V log p(Z).

3.4 Extension to Non-uniform Stein Sets

The analyses and algorithms in this paper readily accommodate non-uniform Stein sets of the form

SUD, 4ye max(”g(c-?”*, I V@) \|Vg(m>—Vgﬁy>|\*) <1 and } 5)

c2 cs3llz—y

(9(x),n(x)) = 0,Vz € 0X with n(z) defined

for constants c1, co, c3 > 0 known as Stein factors in the literature. We will exploit this additional
flexibility in Section to establish tight lower-bounding relations between the Stein discrepancy
and Wasserstein distance for well-studied target distributions. For general use, however, we advocate
the parameter-free classical Stein set and graph Stein sets to be introduced in the sequel. Indeed, any
non-uniform Stein discrepancy is equivalent to the classical Stein discrepancy in a strong sense:

i {g t X > RY

Proposition 4 (Equivalence of Non-uniform Stein Discrepancies). For any c1,ca,c3 > 0,

min(clv C2, C3)S(Q7 TP; gHH ) < S(Q7 TP7 gﬁ1”3) < max(cl, C2, CB)S(Qv TP7 g”“ )

4 Computing Stein Discrepancies

In this section, we introduce an efficiently computable Stein discrepancy with convergence prop-
erties equivalent to those of the classical discrepancy. We restrict attention to the unconstrained
domain X = R? in Sections and present extensions for constrained domains in Section

4.1 Graph Stein Discrepancies

Evaluating a Stein discrepancy S(Q, 7p, G) for a fixed (Q, P) pair reduces to solving an optimiza-
tion program over functions g € G. For example, the classical Stein discrepancy is the optimum

S(Q.Tp. Gy ) = sup iy a(xi)({g(xi), Viog p(xi)) + (V, g(i))) (6)

st lg@)” < 1L |Va(@)|I" < 1,[IVg(x) = Va)lI" < llz —yll, Yo,y € X.

Note that the objective associated with any Stein discrepancy S(Q, Tp, G) is linear in g and, since
@ is discrete, only depends on g and Vg through their values at each of the n sample points z;. The
primary difficulty in solving the classical Stein program (6) stems from the infinitude of constraints
imposed by the classical Stein set G). ;. One way to avoid this difficulty is to impose the classical
smoothness constraints at only a finite collection of points. To this end, for each finite graph G =
(V, E) with vertices V C X and edges E C V2, we define the graph Stein set,

gii.Qc = {g X = RY[Va eV, max(|lg(2)]", [[Vg(x)|") < 1and,V (z,y) € E,

max
( lz—yll llz—yll ’ sllz—yl® ’ slle—yl?

lg@@)=gll” IVg@)=Vall* lg@)=gW)=Vg(x)(@—y)|" Hg(af)—g(y)—Vg(y)(:c—y)H*) <1}

the family of functions which satisfy the classical constraints and certain implied Taylor compati-
bility constraints at pairs of points in £. Remarkably, if the graph G consists of edges between all
distinct sample points x;, then the associated complete graph Stein discrepancy S(Q, Tp, G| .0.¢1)
is equivalent to the classical Stein discrepancy in the following strong sense.



Proposition 5 (Equivalence of Classical and Complete Graph Stein Discrepancies). If X = R, and
Gy = (supp(Q), E1) with By = {(z,2;) € supp(Q)? : x; # 1}, then
S(Q,Tr,Gq1) <S(@Q,Tp,G)-1.0.6.) < kaS(Q, Tr, G,

where k4 is a constant, independent of (Q, P), depending only on the dimension d and norm ||-||.

Proposition E] follows from the Whitney-Glaeser extension theorem for smooth functions [[14} [15]
and implies that the complete graph Stein discrepancy inherits all of the desirable convergence prop-
erties of the classical discrepancy. However, the complete graph also introduces order n? constraints,
rendering computation infeasible for large samples. To achieve the same form of equivalence while
enforcing only O(n) constraints, we will make use of sparse geometric spanner subgraphs.

4.2 Geometric Spanners

For a given dilation factor ¢t > 1, a t-spanner [16,[17] is a graph G = (V, E) with weight ||z — y||
on each edge (z,y) € E and a path between each pair 2’ # y' € V with total weight no larger
than ¢||z’ — y'||. The next proposition shows that spanner Stein discrepancies enjoy the same con-
vergence properties as the complete graph Stein discrepancy.

Proposition 6 (Equivalence of Spanner and Complete Graph Stein Discrepancies). If X = R,
G = (supp(Q), E) is a t-spanner; and Gy = (supp(Q), { (s, x1) € supp(Q)? : ; # 1)), then

S(Q, TP, G 1,0.6:) <SQ.Tp. Gp.0.6.) < 22 8(Q. Tp, Gi1-j,0.61)-

Moreover, for any ¢, norm, a 2-spanner with O(kqn) edges can be computed in O(k4nlog(n))
expected time for x4 a constant depending only on d and ||-|| [18]. As a result, we will adopt a
2-spanner Stein discrepancy, S(Q, Tp, §|.||,0,c. ) as our standard quality measure.

4.3 Decoupled Linear Programs

The final unspecified component of our Stein discrepancy is the choice of norm ||-||. We recommend
the ¢1 norm, as the resulting optimization problem decouples into d independent finite-dimensional
linear programs (LPs) that can be solved in parallel. More precisely, S(Q, Tp, Gj. 1,,@.(V, £)) equals

d Vv
2j=1 i S a(vi) (35: Y log plvi) + ) @)
V€ I eREX

st [yl S LTI, £ 1, and Vi # 1 : (v, ) € E,

maX(I’Yﬂ—’m\ IT;(ei—e)lle  |vii—vii—(Tjei,vi—vi)| "in_’)/jl_<rjelyvz_vl>|) <1
Tvi—wlly? Tvi—wlly 7 Slvi—ull? ’ sllvi—wf -
We have arbitrarily numbered the elements v; of the vertex set V' so that v;; represents the function

value g;(v;), and I'j;; represents the gradient value Vg;(v;).

4.4 Constrained Domains

A small modification to the unconstrained formulation (7) extends our tractable Stein discrepancy
computation to any domain defined by coordinate boundary constraints, that is, to X = («q, 81) X
-+ X (ag, fg) with —oo < a; < B < oo for all j. Specifically, for each dimension j, we augment
the j-th coordinate linear program of (7)) with the boundary compatibility constraints

max (e, sl Dietantbucbal) <1, foreach i, by € {ay, B} NR, and k £ j. (8)

[vij—bj|? |vi;—bj]? 5 (vij—b;

These additional constraints ensure that our candidate function and gradient values can be extended
to a smooth function satisfying the boundary conditions (g(z),n(z)) = 0 on OX. Proposition
in the appendix shows that the spanner Stein discrepancy so computed is strongly equivalent to the
classical Stein discrepancy on X'.

Algorithm [I] summarizes the complete solution for computing our recommended, parameter-free
spanner Stein discrepancy in the multivariate setting. Notably, the spanner step is unnecessary in the
univariate setting, as the complete graph Stein discrepancy S(Q, Tp, g”'”17Q7G1) can be computed
directly by sorting the sample and boundary points and only enforcing constraints between consecu-
tive points in this ordering. Thus, the complete graph Stein discrepancy is our recommended quality
measure when d = 1, and a recipe for its computation is given in Algorithm 2]



Algorithm 1 Multivariate Spanner Stein Discrepancy

input: @), coordinate bounds (a1, 51), ..., (aq, B4) with —oo < a; < B < oo for all j
G4 < Compute sparse 2-spanner of supp(Q)
for j = 1 to d do (in parallel)
r;j < Solve j-th coordinate linear program (7) with graph G'> and boundary constraints (8]

d
return > 5, 7;

Algorithm 2 Univariate Complete Graph Stein Discrepancy

input: @, bounds (v, 8) with —co < a < 8 < 00
(1), > T(nr)) < SORT({Z1, ..., 2pn,, B} NR)

return sup, cgn’ pege’ dic1 Q(x(i))(%% logp(z(;)) + 1)

st D)o < 1,Vi </, |y| <T[a <z < B], and, Vi < n/,

lvi—vi41]l  Ti=Tip1]  |vi=vit1—Ti(z) =241l |%‘*“/i+1*1“i+1(1<i)*51?(1:+1>)\) <1

max
(m(wl)*mm P T(i41) =T ] @y —m))? ’ 3 (@i —z(i))?

S Experiments

We now turn to an empirical evaluation of our proposed quality measures. We compute all spanners
using the efficient C++ greedy spanner implementation of Bouts et al. [[19] and solve all optimization
programs using Julia for Mathematical Programming [20] with the default Gurobi 6.0.4 solver [21]].
All reported timings are obtained using a single core of an Intel Xeon CPU E5-2650 v2 @ 2.60GHz.

5.1 A Simple Example

We begin with a simple example to illuminate a few properties of the Stein diagnostic. For the target
P = N(0,1), we generate a sequence of sample points i.i.d. from the target and a second sequence
ii.d. from a scaled Student’s t distribution with matching variance and 10 degrees of freedom. The
left panel of Figure|[I]shows that the complete graph Stein discrepancy applied to the first n Gaussian
sample points decays to zero at an n~%-2 rate, while the discrepancy applied to the scaled Student’s
t sample remains bounded away from zero. The middle panel displays optimal Stein functions g
recovered by the Stein program for different sample sizes. Each g yields a test function h £ Tpg,
featured in the right panel, that best discriminates the sample ) from the target P. Notably, the
Student’s t test functions exhibit relatively large magnitude values in the tails of the support.

5.2 Comparing Discrepancies

We show in Theorem |[14]in the appendix that, when d = 1, the classical Stein discrepancy is the
optimum of a convex quadratically constrained quadratic program with a linear objective, O(n)
variables, and O(n) constraints. This offers the opportunity to directly compare the behavior of the
graph and classical Stein discrepancies. We will also compare to the Wasserstein distance dyy, ,
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Figure 1: Left: Complete graph Stein discrepancy for a A(0,1) target. Middle / right: Optimal
Stein functions g and discriminating test functions h = Tpg recovered by the Stein program.
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Figure 2: Comparison of discrepancy measures for sample sequences drawn i.i.d. from their targets.

which is computable for simple univariate target distributions [22]] and provably lower bounds the
non-uniform Stein discrepancies (3) with ¢;.3 = (0.5,0.5, 1) for P = Unif(0, 1) and ¢1.3 = (1,4, 2)
for P = N(0,1) [9,23]. For N'(0,1) and Unif(0, 1) targets and several random number generator
seeds, we generate a sequence of sample points i.i.d. from the target distribution and plot the non-
uniform classical and complete graph Stein discrepancies and the Wasserstein distance as functions
of the first n sample points in Figure 2] Two apparent trends are that the graph Stein discrepancy
very closely approximates the classical and that both Stein discrepancies track the fluctuations in
Wasserstein distance even when a magnitude separation exists. In the Unif(0, 1) case, the Wasser-
stein distance in fact equals the classical Stein discrepancy because Tpg = ¢’ is a Lipschitz function.

5.3 Selecting Sampler Hyperparameters

Stochastic Gradient Langevin Dynamics (SGLD) [3] with constant step size € is a biased MCMC
procedure designed for scalable inference. It approximates the overdamped Langevin diffusion,
but, because no Metropolis-Hastings (MH) correction is used, the stationary distribution of SGLD
deviates increasingly from its target as € grows. If € is too small, however, SGLD explores the sample
space too slowly. Hence, an appropriate choice of ¢ is critical for accurate posterior inference. To
illustrate the value of the Stein diagnostic for this task, we adopt the bimodal Gaussian mixture
model (GMM) posterior of [3] as our target. For a range of step sizes €, we use SGLD with minibatch
size 5 to draw 50 independent sequences of length n = 1000, and we select the value of € with the
highest median quality — either the maximum effective sample size (ESS, a standard diagnostic based
on autocorrelation [[1]) or the minimum spanner Stein discrepancy — across these sequences. The
average discrepancy computation consumes 0.4s for spanner construction and 1.4s per coordinate
linear program. As seen in Figure [3a] ESS, which does not detect distributional bias, selects the
largest step size presented to it, while the Stein discrepancy prefers an intermediate value. The
rightmost plot of Figure [3b]shows that a representative SGLD sample of size n using the ¢ selected
by ESS is greatly overdispersed; the leftmost is greatly underdispersed due to slow mixing. The
middle sample, with € selected by the Stein diagnostic, most closely resembles the true posterior.

5.4 Quantifying a Bias-Variance Trade-off

The approximate random walk MH (ARWMH) sampler [5] is a second biased MCMC procedure
designed for scalable posterior inference. Its tolerance parameter e controls the number of datapoint
likelihood evaluations used to approximate the standard MH correction step. Qualitatively, a larger €
implies fewer likelihood computations, more rapid sampling, and a more rapid reduction of variance.
A smaller € yields a closer approximation to the MH correction and less bias in the sampler stationary
distribution. We will use the Stein discrepancy to explicitly quantify this bias-variance trade-off.

We analyze a dataset of 53 prostate cancer patients with six binary predictors and a binary outcome
indicating whether cancer has spread to surrounding lymph nodes [24]. Our target is the Bayesian
logistic regression posterior [1]] under a A(0, I) prior on the parameters. We run RWMH (e = 0)
and ARWMH (¢ = 0.1 and batch size = 2) for 10° likelihood evaluations, discard the points from
the first 10 evaluations, and thin the remaining points to sequences of length 1000. The discrepancy
computation time for 1000 points averages 1.3s for the spanner and 12s for a coordinate LP. Figure[d]
displays the spanner Stein discrepancy applied to the first n points in each sequence as a function of
the likelihood evaluation count. We see that the approximate sample is of higher Stein quality for
smaller computational budgets but is eventually overtaken by the asymptotically exact sequence.
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To corroborate our result, we use a Metropolis-adjusted Langevin chain [25]] of length 107 as a surro-
gate Q* for the target and compute several error measures for each sample (Q: normalized probability
max; [B[X;—Z,;]|

error max; |E[o((X,w;)) — o((Z,w;))]|/||wi]| ., mean error max; EorZ,1] and second moment

maxj,k |]E[X_7‘Xk—ZJZk]| * A 1
error max; k [Eq+[Z; Zk]| for X' ~ Q’ Z ~ Q P U(t) = Tfe-t°

vector. The measures, also found in Figure [} accord with the Stein discrepancy quantification.

and w; the [-th datapoint covariate

5.5 Assessing Convergence Rates

The Stein discrepancy can also be used to assess the quality of deterministic sample sequences. In
Figure [3|in the appendix, for P = Unif(0, 1), we plot the complete graph Stein discrepancies of the
first n points of an i.i.d. Unif(0, 1) sample, a deterministic Sobol sequence [26]], and a deterministic

kernel herding sequence [27] defined by the norm ||A[|,, = fol(h’ (x))%dz. We use the median
value over 50 sequences in the i.i.d. case and estimate the convergence rate for each sampler using
the slope of the best least squares affine fit to each log-log plot. The discrepancy computation time
averages 0.08s for n = 200 points, and the recovered rates of n~%4? and n~! for the i.i.d. and Sobol
sequences accord with expected O(1/+/n) and O(log(n)/n) bounds from the literature [28]26]. As
witnessed also in other metrics [29], the herding rate of n~%-C outpaces its best known bound of
dy (Qn, P) = O(1/4/n), suggesting an opportunity for sharper analysis.

6 Discussion of Related Work

We have developed a quality measure suitable for comparing biased, exact, and deterministic sample
sequences by exploiting an infinite class of known target functionals. The diagnostics of 30 [31]]
also account for asymptotic bias but lose discriminating power by considering only a finite collec-
tion of functionals. For example, for a '(0, 1) target, the score statistic of [31]] cannot distinguish
two samples with equal first and second moments. Maximum mean discrepancy (MMD) on a char-
acteristic Hilbert space [32] takes full distributional bias into account but is only viable when the
expected kernel evaluations are easily computed under the target. One can approximate MMD, but
this requires access to a separate trustworthy ground-truth sample from the target.
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Figure 5: Comparison of complete graph Stein discrepancy convergence for P = Unif(0, 1).

A Proof of Proposition[I]

Our integrability assumption together with the boundedness of g and Vg imply that Ep[(V, g(Z))]
and Ep[(g(Z),V1ogp(Z))] exist. Define the ¢ ball of radius r, B, = {z € R? : ||z]| <
r}. Since X is convex, the intersection X N B, is compact and convex with Lipschitz boundary
d(X NB,.). Thus, the divergence theorem (integration by parts) implies that

Ep[(Trg)(2)] = Ep[{V,9(2)) + (9(2), Viogp(2))] = /){(V,p(Z)g(Z»dZ

—lim [ (V,p(=)g())dz = lim (9(=), . (2))p(2) d=

o0 JxnB, o0 Ja(xNB,.)

for n,. the outward unit normal vector to (X N B,.). The final quantity in this expression equates to
zero, as {g(x),n(x)) = 0 for all z on the boundary 0.X, g is bounded, and lim,;,—,~ p(2,) = 0 for
any (z,)pe_; with z,,, € X for all m and ||z, ||, — oco.

B Proof of Theorem 2 Stein Discrepancy Lower Bound for Strongly
Log-concave Densities

We let C* (X ) denote the set of real-valued functions on X with & continuous derivatives and d M.
denote the smooth function distance, the IPM generated by
) <1 }

My = {h € C%(X) ( SUD,c v maX(IIVh(SC)H*,
We additionally define the operator norms ||vf,, £ ||v||, for vectors v € RY, M1, =

*
)

|V2h(33)

V3h(x)

SUP,ep; o)), =1 [ M|l for matrices M € R™¢, and [|T,, £ sup,epa oy, =1 [T[0],, for ten-

sors T € Rdxdxd

lop

The following result, proved in Appendix [G] establishes the existence of explicit constants (Stein
factors) c1, ¢z, c3 > 0, such that, for any test function b € M .||, the Stein equation

h(z) —Ep[h(2)] = (Tpgrn)(z)
has a solution g;, = %Vuh belonging to the non-uniform Stein set G ﬁ_l‘:la.

Theorem 7 (Stein Factors for Strongly Log-concave Densities). Suppose that X = R? and that
logp € C*(X) is k-strongly concave with

SEEHV?’ logp(z)Hop < Ls and :gg”V‘l logp(z)Hop < Ly.

For each © € X, let (Zy )0 represent the overdamped Langevin diffusion with infinitestimal
generator

(Au)(z) = 3 {Vu(e), Vlogp(a) + 3 (V, Vulx)) ©

and initial state Zy, = x. Then, for each h € C’S(X) with bounded first, second, and third
derivatives, the function

w2 [ T Ep(h(2)] — E[h(Z1.0)) di



solves the the Stein equation
h(z) —Ep[h(Z)] = (Aun)(z) (10)

and satisfies

2
sup|[Vun(2)lly <  sup[[VA(2)[l,,
zeX zeX

2 2Ls 1 2
sup [ V2un(2) |, < 55 SUpIVA(:) I + - sup|[V2A(2)|,,» and
[V2un(2) = Vun()l,, 6L2 Ly
%P < 273 qup||Vh 24 sup||Vh
Lo EE= <0 fggII @z + 23 jggIl ()l
3L
+ 2 [V, + o [ RC,

Hence, by the equivalence of non-uniform Stein discrepancies (Proposition , dpmy. (1 P) <
S, Tp, G)|lj’) < max(cy, ¢z, ¢3)S(p, Tp, Gy ) for any probability measure .

The desired result now follows from Lemma [§] which implies that the Wasserstein distance
dw,., (m, P) — 0 whenever dq,  (ftm, P) — 0 for a sequence of probability measures (i) m>1-

Lemma 8 (Smooth-Wasserstein Inequality). If i and v are probability measures on R?, and ||v| >
||, for all v € RY, then

Gt (0) = oy ) < 3 (), ey G VEBIIGE )

for G a standard normal random vector in R,

Proof  The first inequality follows directly from the inclusion M| C W .
To establish the second inequality, we fix an & € W, and ¢ > 0 and define the smoothed function

hi(z) = /Rd h(z +t2)p(z)dz foreach =z € R?

where ¢ is the density of a vector of d independent standard normal variables. We first show that
hy is a close approximation to i when ¢ is small. Specifically, if X € R? is an integrable random
vector, independent of GG, then

[E[A(X) = he(X)]| = [E[A(X) — (X +1G)]| < tE[[|G]]

by the Lipschitz assumption on h.

We next show that the derivatives of h; are bounded. Fix any 2 € RY. Since h is Lipschitz, it admits
a weak gradient, VA, bounded uniformly by 1 in ||-||*. We alternate differentiation and integration
by parts to develop the representations

Vh(z) = Vh(z +tz)p(z)dz = % /Rd zh(x + t2)¢(2)dz,

Rd

V2hi(z) = %/]Rd Vh(z +t2)2" ¢(2)dz = tlz (zzT — Dh(x +tz)p(z)dz, and

Vo ha(2)[0] = tiQ /R Vh(e+ 20" (2T~ D)o(2)dz

10



for each v € R%. The uniform bound on V and the relation between ||-|| and ||-||,, now yield

[Vhe ()" <1,
* 1 1 /2 1 /2
VZh ()] <= sup |(z,v}|d(2)dz = \/7 sup |||, < \/7, and
[VZhe@)] t yeRd:||v]|=1 JRY tV T opera oz C OtV T
* 1
[V3hi(z)|” < e sup |v (22" — Dwlé(z)dz

vweR:|v||=[lw[|=1

1
< sup \/ [ 07T = Dulote:
v,weR[v||=[|w||=1 R4
1 2 2 _ V2
= sup \/<U7w>2 + [lollzllwlly < —5-

2 2
% v weR:|v]=[lw|=1 t

In final equality we have used the fact that (v, Z) and (w, Z) are jointly normal with zero mean

2

and covariance ¥ = [ <||UH2> <||U’ 1|1|}2> } , so that the product (v, Z){w, Z) has the distribution of the
v, W w5

off-diagonal element of the Wishart distribution with scale ¥ and 1 degree of freedom.

We can now develop a bound for dyy,  using our smoothed functions. Introduce the shorthand

1 /2 V2 V2
by £ max|1,-4/=, - | = max|[ 1, —
TtV w2 t2

for the maximum derivative bound of h;, and select X ~ p and Z ~ v to satisfy dyy, | (,v) =
E[|X — Z]|]. We then have

dyv, (u,v) < inf , Sup [Ep[h(X) = he(X)]| + [Eu[1(Z) = he(Z)]| + [Epu [P (X)] — Ey [he(Z2)]
EWII

< inf AB[|GI] + bydpay., (1, v)

<2\/CzMH (. v)V2E[| G| —l—max(dM 3 (v \/dM” (v WE[IIGIH>

< 3max<dM g (v \/dMH (v v)V2E[|G|)? >

where we have chosen ¢ = f’/ dm., (1, v)v/2/E[||G||] to achieve the penultimate inequality. O

C Proof of Proposition 3: Stein Discrepancy Upper Bound

Fix any g in G|.|. By Proposmonl 1} E[(Tpg)(Z)] = 0. The Lipschitz and boundedness contraints
on g and Vg now yield

Eql(Trg)(X)] = E(Trg) (X) — (Trg)(Z)]
= E[(g(X)., Viog p(X)) — (9(2). Viogp(2)) + (V.9(X) — 9(2))
= E[(g(X), Viog p(X) — Vlogp(Z)) + (9(X) — 4(Z). Vlogp(Z))]
+ |V, g(X) — 9(2))]
< E[|[Vlog p(X) ~ Viogp(2) || + E[|[V1og p(2) (X — 2) [ + Ell|IX - Z]].

To derive the second advertised inequality, we use the definition of the matrix norm, the Fenchel-
Young inequality for dual norms, the definition of the matrix dual norm, and the Cauchy-Schwarz

11



inequality in turn:

E[|Viegp(Z)(X —2)T|[] = sup (Vlogp(Z), M(X — Z))

M:|[M||*=1

<E

sup || Viegp(2)|||M(X — Z)|I"
M:|[M||*=1

E[|[Vlog p(2)[1X — Z]] < \/E[V1ogp<2>||2]E[||X - 7).

Since our bounds hold uniformly for all g in G, the proof is complete.

D Proof of Proposition d: Equivalence of Non-uniform Stein Discrepancies

Fix any ¢1, c2,cs > 0, and let ¢ppax = max(cy, co, ¢3) and ¢pin = min(cq, co, ¢3). Since the Stein
discrepancy objective is linear in g, we have a S(Q, Tp,G).||) = S(Q,Tp,ag).) for any a > 0.
The result now follows from the observation that cming”.” - gﬁ}lf' - Cmaxg\l-\l .

E Proof of Proposition [S; Equivalence of Classical and Complete Graph
Stein Discrepancies

The first inequality follows from the fact that G.; € G).,q.c, - By the Whitney-Glaeser extension
theorem [15, Thm. 1.4] of Glaeser [14], for every function g € QH I,Q,G.» there exists a function

g € ka G, with g(x;) = g(x;) and Vg(z;) = Vg(z;) for all z; in the support of Q. Here 4 is a
constant, independent of (@, P), depending only on the dimension d and norm ||-||. Since the Stein

discrepancy objective is linear in g and depends on g only through the values g(x;) and Vg(z;), we
have S(Q, Tp, G).1.@.c,) < S(Q, Tp,kag).) = ka S(Q, Tp, G)))-

F Proof of Proposition [6; Equivalence of Spanner and Complete Graph
Stein Discrepancies

The first inequality follows from the fact that G| 0.¢, € 9)|,0,6,- Fixany g € G| ¢,¢, and any
pair of points z, 2’ € supp(Q). By the definition of G| .c,, we have max ([|g(2)||", [[Vg(2)||") <
1. By the ¢-spanner property, there exists a sequence of points zg, 21, 22, . . ., 2—1, 21, € supp(Q)
with zop = z and z;, = 2’ for which (2;_1,2;) € Eforall1 <[ < L and ZIL:lel,l -z <

lg(zi—1)—=gOlIl" [[Vg(zi—1)=Vg(z)|"
lzi—i—zl lz1—1—zl

t]|zo — 2L Since max( ) < 1 for each [, the triangle inequal-

ity implies that

L

IVg(z0) = Vg(zo)II" < ZHVQ 2-1) = V()| <D llair — 21l < tllzo — 2.
=1

Identical reasoning establishes that ||g(z0) — g(zr)||" < t]|z0 — 21|

12



Furthermore, since ||g(z1-1) — g(z1) — Vg(z1)(zi-1 — 2)||" < ]lz1-1 — 2 ||? for each [, the trian-
gle inequality and the definition of the tensor norm |[|-||* imply that

lg(z0) — g(z1) — Vg(z) (20 — 2z1)|I"
L

< D lgzim1) = g(z) = Vgla) (zir — 2" + (Vg (1) = Vo(zr)) (2 — 2"

=1

i1 = 2* + 1V g(=21) = Vg(zo)|*l|z1-1 — |

IN
M=
N | =

Il
-

IN

Mh FM@

e ZIIVg ar) = Vglar )| -1 — 2l
=l

DN | =

L—1 L 2
[21-1 — 21| <||Zl ] B Zl'+1||> < <Z||Zl—1 - Zl||> < #%1z0 — 2]
=1

=1 =l

Since z,z’ were arbitrary, and the Stein discrepancy objective is linear in g, we conclude that

S(Q.Tp,G)1.0.c.) < SQ,Tp, 28°G 0.c,) = 2t° S(Q, Tp, G .@.c0)-

G Proof of Theorem [7: Stein Factors for Strongly Log-concave Densities

Before tackling the main proof, we will establish a series of useful lemmas. We will make regular
use of the following well-known Lipschitz properties throughout:

sup ||Vh(z)||y sup [hz) = hiy)| forall h e C'(X) and (11)
reX T, yeX x#y ||(E - y||2

|[VF=1h(z) — V" 1h(y)|
= sup

T, YeX wty lz =yl

sup||VFh(z ® forall heC*X), (12)

rzeX

Hop

for each integer k£ > 1.

G.1 Properties of Overdamped Langevin Diffusions

Our first lemma enumerates several well-known properties of the overdamped Langevin diffusion
that will prove useful in the proofs to follow.

Lemma 9 (Overdamped Langevin Properties). If X = R%, and logp € C'(X) is strongly concave,
then the overdamped Langevin diffusion (Z; ;);>0 with infinitesimal generator Q) and Z, , = x
is well-defined for all times t € [0,00), has stationary measure P, and satisfies the strong Feller

property.

Proof  Consider the candidate Lyapunov function V (z) = ||z||3 + 1. The strong log-concavity of
p, the Cauchy-Schwarz inequality, and the arithmetic-geometric mean inequality together imply that

(AV)(z) = (z,Vlogp(z)) + d = (z, Vlog p(z) — Vlog p(0)) + (z, Vlegp(0)) + d
1 1 )
< —kl|z[f5 + x|,V log p(0)|, +d < (2 - k) |5 + §||Vlogp(0)H§ +d <K'V(x)

for some constants k, k' € R. Since log p is continuously differentiable, Theorem 2.1 of Roberts
and Tweedie [25] implies the result (see also [33, Thm. 3.5]). ]

G.2 High-order Weighted Difference Bounds

A second, technical lemma bounds the growth of weighted smooth function differences in terms of
the proximity of function arguments. The result will be used to characterize the smoothness of Z; ,
as a function of the starting point  (Lemma TT)) and, ultimately, to establish the smoothness of uy,
(Theorem 7).
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Lemma 10 (High-order Weighted Difference Bounds). Fix any open convex set X C R an
vectors x,y, z,w,x’,y', 2w’ € X, and any weights A\, \' > 0. If h € C%(X), then

IA(h(x) = h(y)) = N (h(z") = h(y")) = (VRh(y), ANz —y) = N (z" =)
< %SEEHVQ’”L(G)HOP(?XIIZJ —yllollz’ = y'lly + Mz =yl + X' —¢/[5).  (13)

Moreover, if h € C3(X), then
[A(h(z) = h(y) = (h(z) = h(w))) = X' (h(2") = h(y') = ((z") = h(w)))
—(Vh(2), Mz —y = (z —w)) =N (@' =y = (z/ = ")) (14)
< EEEHW a)l, 8" = 2z = 2) = N (2" = 2")ll

+ SggHVQh(a)Hop(/\’Hz —all’ =y = (&' = w )y + Az = 2l (y — 2) = (v = 2)]l2)

1
+3 sup||V2h(a)||  Allz =y — (2 = w)lyllz =y + 2 — w|l,
aceX

1
+3 sup |V2h(a) [, Nlz" =y — (&' =),z =y + 2" — ',
a€EX

1 2 2
+ 5 5[ Vh(@] I’ = 12N = ' =+ Mz =+ X~ )
a

1 2 2
t3 SEEHVgh(a)Ho,,(AHz —zllylly — zllz + Nl = 2Ly = 27]13)
a

1 3 3 3 3
t5 Slelg||v3h(a)”op()\\|w —zll5 + Aly — 25 + Nlw" = 2[5 + N ly" = 27[[3).

Proof To establish the second-order difference bound (T3)), we first apply Taylor’s theorem with
mean-value remainder to h(z) — h(y) and h(z’) — h(y’) to obtain

A(h(z) = h(y)) = X (h(2") = h(y")) = (VR(y), Mz —y) = N'(z" — "))
= N(Vh(y) = Vh(y),z" — ') + MVZh(Q)(x — y),z — y)/2 = N(V*h((") (2" —y'), 2" —y')/2

for some ¢, (' € X. Cauchy-Schwarz, the definition of the operator norm, and the Lipschitz gradient
relation (I2) now yield

h(z) = h(y) — (M(z') = h(y)) — (Vh(y),z —y — (&' —¥))|
< 5 5[ V()] X Iy = ola” = ¥l + Alle = 91+ X’ = 5'13).

To derive the third-order difference bound (T4), we apply Taylor’s theorem with mean-value remain-
der to h(w) — h(z), h(y) — h(z), h(w") — h(z’), and h(y') — h(z') to write

IA(h(2) = h(y) = (h(2) — h(w))) = X' (R(2) = h(y') — (h(z') — h(w")))

—(Vh(z), (l‘—y—(z w)) = N(@' =y = (&' —w)))| (15)
= [N(Vh(z) = Vh(Z'), 2" =y — (z' = w)) + M(Vh(2) — VA(z), (y — =) — (' — "))
+ (M(Vh(z) — Vh(z)) — X (VR(z') — Vh(2")),y' — ')

+ MV2h(2)(w — 2),w — 2)/2 = M(V?h(z)(y — z),y — x)/2

XV — )y’ — 22+ NV — o),y — o))

F AV w — 2,0 — 2,0 — 2]/6 — AV2h(C"")y — x,y — 2,y — x]/6

— NV3R("w' = 2w’ — 2w = 2'])6 + NV — 2y — 2y — 2']/6)

for some ¢, (", """, (""" € X. We will bound each line in this expression in turn. First we see, by
Cauchy-Schwarz and the Lipschitz property (12)), that

IN(Vh(z) = Vh(2), 2" =y = (¢ —w)) + MVh(2) = Vh(z), (y — 2) — (¥ —2"))]
< Sggllvzh(a)ﬂ(,p()\'l\z = lll2" =y = (&' = w)lly + Mz =zl (y = 2) = (¥ = 2')]ly)-
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Next, we invoke our second-order difference bound (I3) on the C?(X) function z +
(Vh(x),y" — '), apply the Cauchy-Schwarz inequality, and use the definition of the operator norm
to conclude that

[(AMVh(2) = Vh(z)) = N(Vh(Z') = Vi(2')),y — )]
< sup|[V2h(a)|| , Iy — 2" IA(z = &) = N' (2" = 2")ll,
acX
1 2
+3 SggHVSh(a)HopHy’ — &/l 2N [lz — &l ]2 = 'lly + Allz = all3 + X[l = 2'[13).
To bound the subsequent line, we note that Cauchy-Schwarz, the definition of the operator norm,
and the Lipschitz property (I2) imply that
[(V2h(2)(w = 2),w = 2) = (V2h(z)(y — 2),y — )]
= (Vh(z)(w - 2 +y —x),z —y — (z —w)) + (V*h(z) = V2h(z))(y — 2),y - )]
< sup[[V2h(@),,llo =y = (2 = w)lalle =y + 2 = wly + sup|[Fh(@)], 12 = ol ly - I3

Similarly,
[(V2h(2)(w' = 2), 0" = &) = (V2h(a')(y' =),y — )]

2
< sup||V2h(a)|| 2" =y — (&' = w')lylla" =y + 2" = w'lly + sup||VPh(a)[| 12" = 2[l,lly" — 2’
acX acX

op|
Finally, Cauchy-Schwarz and the definition of the operator norm give
AV w — z,w — z,w — 2] — AVPR(C")y — =,y — z,y — ]
— NV — 2w — 2w — 2]+ NVBR(" Y — 2y — 2y — 2]
< sup[ V2 (o), (Nlw = 2113 4+ My = w3 + X' = 2[5+ Nlly” = o/[12):

Bounding the third-order difference (I3)) in terms of these four estimates yields the advertised
inequality (T4). O

G.3 Synchronous Coupling Lemma

Our proof of Theorem [7] additionally rests upon a series of coupling inequalities which serve to
characterize the smoothness of Z; , as a function of x. The couplings espoused in the lemma to
follow are termed synchronous, because the same Brownian motion is used to drive each process.

Lemma 11 (Synchronous Coupling Inequalities). Suppose that X = R% and that logp € C*(X) is
k-strongly concave with

sup | V? logp(z)Hop <Ls and sup|/V* 1ogp(z)||op < Ly.
ze€X zEX

Select any vectors x,x',v,v" € X with ||v||, = [[v'|, = 1 and any weights €,€',€" > 0, and let
(Wi)e>0 represent a fixed d-dimensional Wiener process.

For each starting point of the form z + b'v' + bv with z € {z,2'}, V' € {0,¢,€"}, and b € {0, €},
consider an overdamped Langevin diffusion (Z; ,yp.+bv)1>0 Solving the stochastic differential
equation

1
AZt 21 bo 40 = §V 10g D(Zyt o trorbo)dt + AWy with  Zg . qpror4be = 2 + 00+ bv,  (16)

and define the differenced processes
V;& = (Zt,:c’+e”v’ - Zt,w’)/ell - (Zt,z+e"u’ - Zt,a:)/el and

Ut é (Zt,m/+e”v’+ev - Zt,z’+e’/v’ - (Zt,x’+ev - Zt,z/))/(eell)
- (Zt,a:+e"u’+ev - Zt,a:+e’v’ - (Zt,a:+ev - Zt@))/(GG/).
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These coupled processes almost surely satisfy the synchronous coupling bounds,

"2 Zy prer — Zilly < € (17)
L
EWVilly < (e = 'lly + (" + €)/2), and (18)
3L32
U, < ZF = ally + (€ + €)/2+ €@ + e/ + e/ + |z = a'll,/€)/3)
L
o (1 = 'lly + 3"+ €)/2+ €3 + /¢ + /) /3), (19)
the second-order differenced function bound,
(hQ(Zt,a:’Jre”'u’) - hZ(Zt,a:’)) 61/ - (hQ(Zt,ere’v’) - h2(Zt,a:))/6/ (20)
<(Vha(Zew), V) + SUEHVQ%(G)ILP@’“(II% —a'lly + (" + €)/2),
ac

and the third-order differenced function bound,
(hS(Zt,z’-‘re”v’-i-ev) - h3(Zt,x’+e"v’) - (h3(Zt,z’+ev) - h?)(Zt,a:’)))/
- (hS(Zt,at+e’v’+ev) - hS(Zt,m+e’v/) - (hS(Zt,x+ev) - h3(Zt,m)))/(
S <Vh3(Zt,m’+e”v’)7 Ut>

(e€”)

ee’) 21

3Ls _;,

+sup|[V2h; (2| e llz =2y + (" + )2+ @B+ e/ +e/e + [lw—allly/€)/3)

zeX OPT
+ supHV‘q’hg(z)Hope_?’kt/Q(Hx — 2|y +3(" +€)/2+ B+ e/ +¢€/€')/3)
zeX

foreacht >0, hy € C*(X), and hy € C3(X).

Proof By LemmaEI, each process (Z; .4b/v/+bv)t>0 With z € {z,2'}, b € {0,¢,€¢"}, and
b € {0, ¢} is well-defined for all times ¢ € [0, 00).

The first-order bound The first-order bound (I7) is well known, and we include a short proof due
to [34] for completeness. Since the differences,

i 1
Zigten — Ltp = €V —|—/ §V10gp(Zs,w+6U) — §V10gp(Zs7x) ds
0

for ¢ > 0 constitute an Itd process, we first apply Itd’s lemma to the function (¢, w) — e** Hw||§ and
then invoke the k-strong log-concavity of p to conclude

t
d
2 2 s 2
ekt”Zt,erev - Zt,w”g = 62 +/ keksHZS,ere'U - ZS,:E||2 + ek %”ZSJJ*FEU - ZS@”Z ds
0
t
= 62 +/ Gks(k”Zs,m—i-ev - Ze,r”i + <Zs,:c+ev - Zs,m» vlogp(Zs,z—i-ev) - VIng(Zs,r») ds
0
t
<&+ / e 0ds = ¢ almost surely.
0

Second-order bounds To establish the second conclusion (I8)), we consider the Itd process of
second-order differences

1 t

V= 2 / (V logp(Zs,x/—i-g//v') - Vlogp(Zs,x'))/EN —(V 1ng(Zs,x+e’w’) -V Ing(ZS,w))/E/ ds
0

and apply It’s lemma to the mapping (¢, w) +— €*/2||w]|,. This yields

t
S S d
M2 Villy = IVl +/0 ket |[Villy + € —[[Vill, ds

t  ks/2
€ 2
= (V5]
/0 2V5||2< 2

+ <VS7 (V logp(ZS,w’Jre”v’) -V Ing(st’))/e” - (Vv Ing(Zs,:E+e’v’> - VIng(Zs,x))/€/>)ds-
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Fix a value s € [0,t]. For any hy € C?(X), the Lemma [10[second-order difference inequality (T3)
and the first order coupling bound together imply the function coupling bound (20) as

(hZ(ZS,x’—&-e“v’) - hZ(ZS,x’))/GN - (hZ(Zs,:c+e’v’) - h2(ZS,ac))/€/
1
< <Vh2(Zs,:c')a Vi) + 5 sug||V2h2(Z)Hop(2||Zs,x/ - ZS;"EH2||ZS71'+€/UI - Zs,ﬁt”g/el
ze

2 2
+ ||Zs,z’+e”v’ — L ||2/6” + ||Zs,z+6’v’ — Zsy |2/€/)
<(Vhe(Zs ), Vi) + sug"Vth(z)llope_ks(||x — 2|y + (" +€)/2).
zE

Applying this bound to the thrice continuously differentiable function ho(z) = (V, Vlogp(z))
with

op S L3||V:9||2a

supHVth(z)Hop = sup||V* log p(2) V]|
zeX zeX
yields
(Vs (V Ing(ZS,z’-i-e“v’) - V1ng(ZS,w’))/€” —(V 1ng(ZS,w+e’v’) -V Ing(ZS,w))/€/>
< Vs, V210 p(Zs 2 ) Vi) + La||[Villpe ([l — 2|l + (" + €)/2)
< — BlIVall; + Lsl[Vellye ™ (lz — 2]l + (€” + €)/2).

To achieve the second inequality, we used the k-strong log-concavity of p. Now we may derive the
desired conclusion,

Ls

MV, <

t
L
(o = o'l + (& +€)/2) [ e7/2ds = 2o = o'l + (& +€)2)
0

Third-order bounds To establish the third conclusion (19), we consider the Itd process of third-
order differences

1 t
Ut = 5/ (V logp(Zs,m’+e”v’+ev) - VIng(ZS7w’+6”U’> - (V logp(Zs,a;’-i-ev) - Vlng(Zs)xl)))/(Gd/)
0

- (v Ing(Zs,x+e/v/+ez)) -V Ing(Zs,x+e/1z/) - (v Ing(Zs,ar+ev) -V Ing(Zs,x)))/(eel) ds

kt/2|

and invoke Itd’s lemma once more for the mapping (¢, w) — e**/#||w||,. This produces

t
S S d
A L e R A

t eks/Q < 9
= k(U]
/0 2[|Us]l, ?
+ <Us; vlogp(Zs,zUrE”v’Jrev) - Vlogp<Zs,a:’+e”v/) - (v logp(Zs,x’+6v) - V1ng(Zs,z/))>/(66//)

- <Usa Vlogp(zs,a:—i-s’v’-‘rev) - vlogp(zs,w—i-e’v’) - (v logp(Zs,w+ev) - VlOgP(Zs,a;)»/(%/))d&

Fix a value s € [0,t]. For any hy € C3(X), the Lemrna third-order difference inequality (T4)
and the coupling bounds and (I8) together imply the third-order function coupling bound 1)),
(h3(Zs,x’+e”v’+ev) - hS(Zs,ac/—i-e”v’) - (h3(Zs,ac’+ev) - hS(Zs,x’)))/(GEN)
- (h3(Zs,1:+e’v’+ev) - hS(Zs,:che’v’) - (hB(Zs,erev) - hS(Zs,z)))/(EE/)

L
<(Vh3(Zsarreny ), Us) + sup [ V2hs(2) ||, —2e ™ 2l — /||, + [la — 2’ + (¢ — €)v']|,)

zEX ok
+ 5up][V2ha(@)], SR+ )2 el e/ /e + o =)
+ 5up || V3ha ()|, e 2 (e — ' + (€ = € lly + (¢ + €)/2+ €3+ ¢/€" +¢/€)/3).
<(Vh3(Zsa/+errvr), Us)
+ jgguvzhg(dHop%e*’“(llx — @y + (" + )2+ eB+e/ + e/ + ||lx— '], /¢)/3)
+5up]| s (2) |, — a4 8( 4 €)/2 4 (3 4 ¢/ /) /3),
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where we have applied the triangle inequality to achieve the final presentation. Applying this bound
to the thrice continuously differentiable function hs(z) = (Us, V log p(z)) with

[V2ha(2)]],,, = [|V* log p(2)[UJ]||,, < LalUsll, and  [[V2hs(2)]],, < LallUs|l,
gives
(hS( s,x’ +6”U’+ev) h3( s,x’ +6”U’) (h3(Zs,:v/+ev) - h3(Zs,w’)))/(6€H)
- (h3(Zs,x+e/v’+ev) - h3(ZS,r+6’v’) - (h3(ZS,z+ev) - h3(ZS,x)))/(“/)
S <Us; v2 logp(Zs,fc’—i-e”v’)Us>
3L2
+1Usll, k?’ e (|l —ally+ (€ +€)/2+ B+ e/e" + e/ + |z —a'||,/€)/3)

+(|UsllgLae™ 2 (|2 — 2’|, + 3(” + €) /2 + (3 + /" +¢/') /3).

3L 2
—k||Ul3 + U, =2 e (le = a'll, + (€ + €)/2+ e+ e/e" + e/ + [lz = 2'l|y/¢') /3)
+ HUstLw_gks/Q(Hw — [l +3(" +€)/2+ B+ ¢/e" +€/€)/3).

In the final line, we used the k-strong log-concavity of p. We can now reproduce the target conclu-
sion, since

t 2
3L
MU, < /0 o€ Pl = al o+ (7 + €)/2+ (B + e/ + e/ + ||lu = a'll,/€)/3)ds

t

L

+/ 5¢ (e = a'lly +3(" +¢)/2+ (3 + /" + ¢/¢') /3)ds
0

3L3
S92 Pl —ally 4 (" + €)/2+ (3 + /e +e/e + o —a'ly/€)/3)

o L (Ilfv — &y +3(" +€)/2+ B+ /" +¢/€)/3).

G.4 Proof of Theorem[7]

By LemmaEI, for each x € X, the overdamped Langevin diffusion (Z; ;);>0 is well-defined with
stationary distribution P. Moreover, for each x € X, the diffusion (Zt,a:)tZO’ by definition, satisfies

1
dZtﬂ- = §V10gp(Zt7x)dt + th with ZO,ac =x,
for (W;)¢>0 a d-dimensional Wiener process. In what follows, when considering the joint distri-
bution of a finite collection of overdamped Langevin diffusions, we will assume that the diffusions

are coupled in the manner of Lemma|[T1] so that each diffusion is driven by a shared d-dimensional
Wiener process (W) ¢>o.

Fix any x € X and any h € C' 3(26 ) with bounded first, second, and third derivatives. We divide the
remainder of our proof into five components, establishing that u;, exists, uj, is Lipschitz, u; has a
Lipschitz gradient, u;, has a Lipschitz Hessian, and u}, solves the Stein equation (]EI)

Existence of u;, To see that the integral representation of up,(z) is well-defined, note that
oo
| etz - Bzl @t = [ [ Bz - B2 o)) i
0
<swplVHE, [ [ 12, - Zual] vy at

< supl| V()L ER[IZ —al] [ 702 dt <o,
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The first relation uses the stationarity of P, the second uses the Lipschitz relation @), the third
uses the first-order coupling inequality of Lemmal[TT] and the last uses the fact that log-concave
distributions have subexponential tails and therefore finite moments of all orders [35, Lem. 1].

Lipschitz continuity of u;, We next show that uy, is Lipschitz. Fix any vector v € X', and consider
the difference

[un(z +v) —up(z)| =

/0"0 E[h(Zt,2) — h(Zt,210)] dt‘

IN

sup||VA(2) |, / E[|Zos — Zosoll,] dt
zEX 0

o 2
< vl SuPIIVh(Z)IIQ/ e M2 dt = pllvlly supl[ VAl (22)
zZEX 0 zeEX

The second relation is an application of the Lipschitz relation (TT), and the third applies the first-
order coupling inequality of Lemma I}

Lipschitz continuity of Vu; To demonstrate that uy, is differentiable with Lipschitz gradient, we
first establish a weighted second-order difference inequality for uy,.

Lemma 12. For any vectors x,x',v' € X with ||v'||, = 1 and weights €', " > 0,

[(un (' *-ﬁﬂvl)—'uh(xq)/él-—(uh($‘+'5vl)—'uh($))/5|

1
< (llx—x’l2+(e”+e’>/2)<sup||Vh( o kz -+ sup||Vh(z ||Opk). (23)
zeX

Proof Introduce the shorthand
V;E é (Zt,a:’-i-e”'u’ - Zt,w’)/€// - (Zt,$+€’v’ - Zt,z)/el-

We apply the Lemma 1] second-order function coupling inequality (20) (to the thrice continuously
differentiable function h), the Cauchy-Schwarz inequality, and the second-order process bound (T8))
in turn to obtain

[(un (2" + €"V') —un(2'))/€" = (un(z + €'V') —un(x)) /€]

/ CEh(Zoarsen) — h(Zoa))/€ [<Zt,w+w>—h<zt,x>]/edt\

. /Ooo max(E(Vh(Z, ), Vi), E(Vh(Z, ), V1)) + SEEHVQ}L(Z)Hop —kt(Hx /H2 + (" + 6/)/2) dt

< / sup [ VA(:) LEVil,] + sup [ V2A(2) |, e (o =/, + (¢ + )/2)

op

L
<o =l + (¢ + /2| [ suplv >||2—Se*'“/2+sup||v2h<z>H e
ZEX k 2EX op

1
(o = &'l + (¢ + /2) (supl VA, 2 + sup 9, 1 )

O

Now, fix any z,v € X with [jv||, = 1. As a first application of the Lemma (12| second-order
difference inequality (23), we will demonstrate the existence of the directional derivative

Voun(z) 2 lim “EF ) Zun(@)
e—0 €

(24)

Indeed, Lemmaimplies that, for any integers m, m’ > 0,
Im (un (2 +v/m') = up(x)) — m(up(z +v/m) —up(z))|

1 1 1
(o) mehon 2 e, ).
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up (z4+v/m)—up ()

Hence, the sequence ( 7m

o0
) is Cauchy, and the directional derivative (24) exists.
m=1

To see that the directional derivative (24) is also Lipschitz, fix any v" € X, and consider the bound

n_ / _
Votn (@ + ') — Voun(x)] < lim up(z+ev+v) —up(x+v)  uplx+ ev) —up(x)

e—0 € €
213 1
. ! . = ] 2 —_
<lim(|lv 2+6)<222|Vh(2)||2 EaRd h(z)HOPk)
213 1
= / ) Vh 5 2h 7 25
191 (supl VA, 55+ supl[ 2], 1 ) @

where the second inequality follows from Lemma|[T2] Since each directional derivative is Lipschitz
continuous, we may conclude that uy, is continuously differentiable with Lipschitz continuous gradi-
ent Vuy,. Our Lipschitz function deduction (22)) and the Lipschitz relation (TT)) additionally supply
the uniform bound

2
sup|[Vun(2)ll; < £ sup|[VA(2)]],-
zeX zeX

Lipschitz continuity of V2u;, To demonstrate that Vuy, is differentiable with Lipschitz gradient,
we begin by establishing a weighted third-order difference inequality for uy,.

Lemma 13. For any vectors z, ', v,v" € X with ||v||, = ||V'||, = 1 and weights €, €', € > 0,

",/

[(up (2’ + v + ev) —up(z’ + ') — (up(z’ + ev) — up(a'))/e€)
— (up(z + €V + ev) —up(z + V') — (up(x + ev) — up(x))/ee’)] (26)

612
< SUPHVh(Z)HzT; (lz = a'lly + (" +€) /2 +e(B3+e/e" +e/e + [l —a'||y/€)/3)
zeX
L
+ sup||Vh(z)H2k—§(||x — 2|y +3(" +€)/24+e(B+¢€/e" +¢€/€')/3)
zeX

3L
+sup||V2hs(2)[|,, 7 (2 = 2 lly + (7 + €) /2 + €3+ /€ + e/ + o —a[|,/€')/3)

zeX op k2
2

3
+§g§_”v h?’(z)Hop 3k

(= o'lly + 3(" +€)/2+ (3 + e/ + €/€)/3)

Proof Introduce the shorthand

Ut = (Zt,ac’+e”v’+ev - Zt,m’+e//1/ - (Zt,m’+e11 - Zt,m’))/(eeﬂ)
- (Zt,r+e’v’+ev - Zt,x+e’v’ - (Zt,x+ev - Zt,z))/(ee/)

We apply the Lemma [IT] third-order function coupling inequality (ZT) (to the thrice continuously
differentiable function h), the Cauchy-Schwarz inequality, and the third-order process bound (19) in
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turn to obtain

[(up (2" + €'V + ev) —up(z’ + €"v") — (up (2’ + ev) —up(z’))/ec’)
— (up(z + €V + ev) —up(z + €V') — (up(z + ev) — up(x))/e€’)]
:‘ /OOO E[(h3(Zt,0r yervrvev) = h3(Zaryeror) — (h3(Ziarvev) — ha3(Ziwr)))]/ (e€”)
— E[(h3(Ztovervitev) — h3(Zyorern) — (h3(Zeasen) — ha3(Zie)))]/ (e€) dt
< /000 max(E(Vhs(Z; z o), Up), B(Vh3(Zt o qer0), Us))
+ jggHVZhg(z)Hop%e"“(llw — |y (¢ + €)/2+ B+ e/ + ¢/ + | —a'l,/¢')/3)
+ SlelgHV?’hg(z)Hope*?’ktﬂ(”a: — 2|y +3(" +€)/2+e(B+e€/" +¢€/¢')/3) dt

> 3L2
S/ supHVh(Z)llszg3 e H P (|lx = ||y + (" + €) /2 + eB + /" + /e + |z — ', /¢')/3)
0 zeX

L
+ sggHVh(z)HQ?;e*kt/Q(Hx — 2|y +3(" +€)/2+e(B+e/" +¢/¢')/3)

3L
+sup||V2ha ()|, e Ml = a'll, + (¢ +€) /2 + 3+ /" + /¢ + |lw = 2’|, /€)/3)
zeX

op k
+ sup||V3h3(z)||Op673kt/2(||x — 2|y +3(" +€)/2+ B+ €/ +¢€/')/3) dt.
zEX
Integrating this final expression yields the advertised bound. O

Now, fix any z,v,v" € X with ||v||, = [[v/[, = 1. As a first application of the Lemma [13] third-
order difference inequality (26), we will demonstrate the existence of the second-order directional
derivative

o Voup(z + €v') — Vyup(x)

vv’vvuh(m) L li - (27)
e’—0 €
1,,/ _ . L
it S8V ) — (o ev) — (e + V) — (@)
e/—0e—0 ec!

Lemrna guarantees that, for any integers m, m’ > 0,

Im/(Voup(z + 0" /m') — Vyup(x)) — m(Vyup(z + 0" /m) — Vyup(x))]
< lgr(l) |m/ (up (z 4+ 0" /m' + ve) — up(z 4+ 0" /m’) — (up(z + ve) — up(x))) /€

—m(up(z + 0 /m +ve) — up(z +v"/m) — (up(x + ve) — up(x))) /e

1 1 3L2 3L 3L 1
<(5+ a) (sumwneata (532 + 58 )+ supl92a(ad, 37 + suplP*ha], )

Hence, the sequence (Vv“h(ﬁrv//M)—Vvuh(w))°°

1/m

is Cauchy, and the directional derivative (27)
m=1

exists.
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To see that the directional derivative @) is also Lipschitz, fix any v” € X, and consider the bound
IV Voup(z 4+ ") = Vi Vyup ()|

<1 Voup(z + 0" + €v') — Vyup(x +0")  Vyup(x + €v') — Vyup(x)

m _
- e’l—>0 e €

< lim lim up(x + 0" 4+ v’ + ev) —up(xz + 0" + ev) — (up(xz + 0" + €V') —up(xz +0"))

e/ —0e—0 ee’
up(z + €v' + ev) —up(z + ev) — (up(x + €v') — up(z))
e€’
6L3 L 3L; 2
" 3 4 2 3

<ol (S‘QEW(Z)”?( 5 /@) = sup|[V2ha(2)]|,,, 75 + sup |V ha )HOP%),

where the final inequality follows from Lemma Since each second-order directional derivative

is Lipschitz continuous, we conclude that u, € C?(X) with Lipschitz continuous Hessian V2uy,.
Our Lipschitz gradient result (25)) and the Lipschitz relation (I2) further furnish the uniform bound
1

3y SupHV2 ||Op%.

2
SEEHV un(2)|],, <Sup||Vh )||2 k:2

Solving the Stein equation Finally, we show that uy, solves the Stein equation (T0). Introduce the
notation (P,h)(x) £ E[h(Z;4)]. Since (Z;.)i>0 is strong Feller, its generator A, defined in (9),
satisfies

t
h— Ph= A/ Ep[h(Z)] — P,hds
0
for all ¢ by [36] Prop. 1.5]. The left-hand side limits (pointwise) to h — Ep[h(Z)] as t — oo, as

[h(x) = Ep[h(Z)] = (h(z) — (Fth)(2))] = /XE[h(Zt,y)]—E[h(Zt,x)] p(y)dy

< sup| Vh(y [ El1Z1y - Zall] plo)dy
zeX X
< supl| Vh(:) |, B2  alJe 2

for each x € X and ¢ > 0. Here we have used the stationarity of P, the Lipschitz relation (]'1;1'[), the
first-order coupling inequality (I7) of Lemma [T1] and the integrability of Z [33, Lem. 1] in turn.
Meanwhile, the right-hand side limits to Auy,, since A is closed [36] Cor. 1.6]. Therefore, uy, solves
the Stein equation (T0).

H Finite-dimensional Classical Stein Program

Theorem 14 (Finite-dimensional Classical Stein Program). If X = («, ) for —oco < a < < o0,
and Ty < --- < () represent the sorted values of {x1,...,xn,, B} NR, then the non-uniform
classical Stein discrepancy S(Q, Tp, gﬁ_l‘f‘) is the optimal value of the convex program

max Yim1a(z ) g5 log p(z i) g(zay) + alze))g' (x ) (28a)
st. Vie{l,...,n =1}, |¢'(xzu)] < ez, |9(xa41)) — 9(xm))| < c2(@@r1) — @),  (28b)

9(z@i)) — 9(@@t1)) + 4%3 (' (z0) — 9 (w(sn))” + x(i+1)2— o (¢ (x@) + g (x@r))
+ i(Lb)i < %(x(i+1) — x4, (28¢)
ssn) = 9(0) + 30 (6'06) = ' ) = "I (¢ ) + ()
+ é(Lu)i < %(x(i—i-l) —x;)?, and (28d)
Vie{l,...,n'}, gz <Ta < g < B](a — igl(ﬂi(i))z) (28e)

203
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where (1), = max(r,0),
L2
Ly

oo

( (i) + g/(fc(z‘+1))) —c2, and

(@t —2@w) — 39
g (@) + 9 (@@11))) — ca.

(T(ig1) — T()) +

1>
o
o= NI=
—

We say the program (28) is finite-dimensional, because it suffices to optimize over vectors v,T" €
R™ representing the function values (y; = g(x(;y)) and derivative values (I'; = ¢'(x(;))) at each
sample or boundary point z(;). Indeed, by introducing slack variables, this program is representable
as a convex quadratically constrained quadratic program with O(n) constraints, O(n) variables, and
a linear objective. Moreover, the pairwise constraints in this program are only enforced between
neighboring points in the sequence of ordered locations z ;). Hence the resulting constraint matrix
is sparse and banded, making the problem particularly amenable to efficient optimization.

Proof Throughout, we say that § is an extension of g if §(z(;)) = g(z(;)) and §'(z(;)) = ¢’ (7))
for each x(;) € supp(Q). Since the Stein objective only depends on g and g’ through their values at
sample points, g and any extension g have identical objective values.

We will establish our result by showing that every g € Qﬁ_llf is feasible for the program (28), so
that S(Q, Tp, ﬁ}l’f) lower bounds the optimum of (28)), and that every feasible g for || has an
extension in § € gﬁ}“f, so that S(Q, Tp, ﬁ}lf’) also upper bounds the optimum of (28).

H.1 Feasibility of G ﬁs

Fix any g € Gj'i’. Also, since g’ is cp-bounded and c;-Lipschitz, the constraints must be
satisfied. Consider now the co-bounded and c3-Lipschitz extensions of ¢’

B(t) £ max(—cy, Jax [g’(:c(i)) —c3lt —x) \]) and

U(t) £ min(cy, lgll_i<nn, [g'(x(i)) + cslt — a:(i)” ).

We know that B(t) < g'(t) < U(t) for all ¢, for, if not, there would be a point ¢y and a point z(;
such that |g'(z(;)) — ¢’ (to)| > c3|z(;) — to|, which combined with the c3-Lipschitz property would
be a contradiction. Thus, for each sample T () the fundamental theorem of calculus gives

9(xitrn)) — 9(x@)) = /

T(i41)
g'(t)dt > / B(t)dt.
T(i)

T(i+1)

@
The right-hand side of this inequality evaluates precisely to the right-hand side of the constraint
(28c). An analogous upper bound using U (t) yields (28d).

Finally, consider any point x(;). If z(;) € {a, B}, then (28e) is satisfied as g(z) = 0 for any point
z on the boundary. Suppose instead that o < z(;y < 3. Without loss of generality, we may assume
that g’ (z(;)) > 0. Since g’ is c3-Lipschitz, we have ¢'(t) > ¢'(x(;)) —cs|t —x ;| for all ¢. Integrating
both sides of this inequality from z ;) to 2, = x(;) + ¢'(2(;))/c3, we obtain

9(wy) — glze) = /w

Loy Lo

g(t)dt > / § () — ealt — z) dt = g (202 (2e3)
(i) T (i)

Since g(x,) < c¢1, we have ig’(x(i))Q + g(z(;)) < c1. Similarly, by integrating the inequality

from zy, = ;) — ¢'(x(5))/c3 10 2 (5, we have g(x) — g(()) > ¢'(2(;))?/(2c3), which combined
with g(z3) < ¢ yields

H.2 Extending Feasible Solutions

Suppose now that g is any function feasible for the program (28). We will construct an extension
ge Qﬁs by first working independently over each interval (z(;), #(;41)). Fix an index i < n’. Our
strategy is to identify a pair of co-bounded, c3-Lipschitz functions m,; and M; defined on the interval
[T (), T (i41)] Which satisfy m;(z) < Mj(z) for all @ € [x(;), 2(i11)], mi(x) = M;(z) = ¢'(z) for

23



v € {x(), 24} and [0 mi(t)dt < g(w ) — g(x) < [, 0" Mi(t)dt. For any such

(myg, M;) pair, there exists ¢; € [0, 1] satisfying
T(it1)

9(xir1)) — 9(z@y) = / Gomi(t) + (1 — ) M;(t)dt,

Z(4)

and hence we will define the extension
g(x) = g(z)) + / Gmi(t) + (1 — G)M;(t)de.
T (i)

By convexity, the extension derivative ¢’ is co-bounded and c3-Lipschitz, so we will only need to
check that sup,.c y |g()| < ¢;. The maximum magnitude values of § occur either at the interval
endpoints, which are ¢;-bounded by , or at critical points x satisfying §’(z) = 0, so it suffices
to ensure that g is c;-bounded at all critical points.

We will use the co-bounded, c3-Lipschitz functions B and U as building blocks for our extension,
since they satisfy B(t) = U(t) = ¢'(t) fort € {z¢;y, x(41)} and B(t) < ¢'(t) < U(t),

B(t) = max(—ca, ¢’ (x(y) — c3(t — z()), ¢ (@(i+1)) — c3(x(s1) — 1)), and
U(t) = min(cz, ¢'(z@;)) + c3(t — 2(3)), 9" (@ i41)) + c3( g1y — 1)),

for ¢t € [x(;y, 2(;4+1)]. We need only consider three cases.

Case 1: B and U are never negative or never positive on [x(i), x(iH)]. For this case, we will
choose m; = Band M; = U. By l) and l) we know f;((;'“’ m;(t)dt < g(xi11))—9(x@)) <

f;(()“) M;(t)dt. Since B and U never change signs, g will be monotonic and hence ¢;-bounded for

any choice of (;.

Case 2: Exactly one of B and U changes sign on [x(;), z(;11)]. Without loss of generality, we
may assume that ¢'(z(;)), ¢'(x(i+1)) = 0 and that B changes sign. Consider the quantity ¢ =
f;(;“) max{B(t),0}dt. If g(x ;1)) — 9(z(;)) < ¢, we let m; = B and M; = max{B,0}.

Since, on the interval [x(i), x(iﬂ)], B is piecewise linear with at most two pieces that can take on the
value 0, B has at most two roots within this interval. However, since B(x) is continuous, negative
for some value of x, and nonnegative at x € {x(i), T(i41) }, we know B has at least two roots. Thus
let 71 < r4 be the roots of B(x). For any choice of (;, the convex combination {;m; + (1 — ;) M;
will be exactly B outside (r1, r2). Moreover, if ; # 0, then this combination will be less than 0 on
(r1,72), and if {; = 0, the combination will be 0 on the whole interval. Hence it suffices to only
check the critical points r1 and 7. By 28¢), m;(r) = M;(r) = B(r) € [—c1,c1] forr € {r1, 72},
and so g will be c¢;-bounded.

If instead g(x(;+1)) — g(2(;)) > ¢, we can recycle the argument from Case 1 with m; = max{B, 0}
and M; = U and conclude that g is c;-bounded.

Case 3: Both B and U change sign on [x(i), x(iH)]. Without loss of generality, we may assume
that g’ (z(;y) > 0, ¢'(2(;4+1)) < 0. Since B continuously interpolates between ¢’ (x(;)) and g’ (2 (;41))
on [2(;), T(;4+1)], it must have a root r. Let w; € [x(;), Z(;11)] be the point where B changes from
one linear portion to another. Then because B is monotonic on each linear portion, the fact that
B(w;) < B(z(+1)) < 0 means that B cannot have a root between [w;, 7(; 41| and hence has at
most one root on [x(i), I(i+1)]- Hence r is the unique root of B.

In a similar fashion, let us define s as the root of U, and since B(x) < U(z) for all x, we have
s > r. Define
B(xz) x € zg),r)
W(z)£<0 x € [r, 9]
Uz) te(syl
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and ¢ £ f;((_;“) W (t)dt. As in Case 2, we will consider two subcases. If g(z(;41)) — g(x@;y) < 1),
we will let m; = B and M; = W. By (28¢), m;(r) = M;(r) = B(r) € [—c1, ¢1], and since this is
the only critical point, g will be ¢;-bounded.

For the other case, in which g(z(;11)) — g(2;)) > ¥, we choose m; = W and M; = U. Then
(28¢) imply that m;(s) = M;(s) = U(s) € [—c1,c1], and, since this is the only critical point, the
extension is well-defined on (z;), Z(i41))-

Defining ¢ outside of the interval [x,x,.] It only remains to define our extension § outside
of the interval [z, x,/] when either a or S is infinite. Suppose @ = —oco. We extend § to each
x € (—o0, x1) using the construction

glx) £ /m It € (1 — [g'(@1)l/es, 21))(g"(w1) — cs sign(g'(x1))t) dt.

— 00

This extension ensures that §’ is co-bounded and c3-Lipschitz. Moreover, the constraint (28¢)
guarantees that |§(z)| < ¢;. Analogous reasoning establishes an extension to (2, 00). O

I Equivalence of Constrained Classical and Spanner Stein Discrepancies

For P with support X = (a1, 1) X -+ - X (g, Ba) for —oo < a; < B < o0, Algorithmcomputes
a Stein discrepancy based on the graph Stein set

Gi,.0.v.E) = {g X R Ve eV, jke{l,...,d}ywithk # j, and b; € {a;, 5;} NR,

maX(Hg(x)Hooa IVg(z)]| lg; (@) |Vigi(=®) \gj(l)—lngj(w)(wj—bj)\) <1, and,V (z,y) € E,

oo lw;—bs|* [z —bs| 5(w;—b;)?

max
( le—vlly lz—ylly ’ slle—yl? ’ sllz—yl?

lg(@)—gWlle [IV9(@)=VgWll llg(z)—g(y)—Vg(@)(z—y)l Hg(r)—g(y)—Vg(y)(m—y)Hw) <1}

Our next result shows that the graph Stein discrepancy based on a ¢-spanner is strongly equivalent
to the classical Stein discrepancy.

Proposition 15 (Equivalence of Constrained Classical and Spanner Stein Discrepancies). If X =
(a1, 1) X -+ X (g, Ba), and Gy = (supp(Q), E) is a t-spanner, then

S(Q.,Tp,Gyy,) < S(Q, Tr, G)1,.0.6.) < 2k S(Q, Tp, Gy.p,),

where k4 is a constant, independent of (Q, P, Gy, t), depending only on the dimension d.

Proof

Establishing the first inequality Fix any g € G|, 2 € supp(Q), and j, k € {1,...,d} with
k # j, and consider any j-th coordinate boundary projection point

be{z+ei(a; —z), 2 +e;(B; — z)} NR™

Since b € 90X, we must have (g(b), n(b)) = (g(b), e;) = g;(b) = 0. Moreover, for each dimension
k # j, we have Vg;(z) = 0, since otherwise, (g(b+ dex),n(b+ dex)) = g;(b + dex) # 0 for
some ¢ € R and b + de;, € OX by the continuity of Vg;.

The smoothness constraints of the classical Stein set G| now imply that
l9j(2)] = 19;(2) — g; (D) < |25 — b;l,  [Vigj(@)| = |Vkg;(2) — Vig;(b)| < |25 — bjl,
and 1
195(2) = V05(2)(2; = bj)| = l9;(b) = 9;(2) = (Vg;(2), b = 2)[ < 5(2 — b;)*

so that all graph Stein set boundary compatibility constraints are satisfied. Hence, we have the
containment G I, € g I-ll,.@Q.Ges which implies the first advertised inequality.
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Establishing the second inequality To establish the second inequality, it suffices to show that for
any g € §j.|,.Q.G,»each j € {1,...,d}, and ¢ £ t, there exists a function g; satisfying

950) — 9;(2)| < [Ib =, (30)

V950 ~ Vsl < Cllb— =l 19950) ~ Vg0 < =l 3D

1950) ~ 9;(2) ~ (Vg;(2),b— 2)| < SlIb =, G2)
3

195() — 5(8) — (Vs (1), =~ B)] < b —2I}3,  and (33

1950) — 9;(0") — (Vg (6),b V)| < S 1o~/ G4)

for all z € supp(Q) and all b, b’ in the j-th coordinate boundary set
B 2{beR:b=2+ej(a; —z)orb=z+e;(Bj — 2;) for some z € X}
Indeed, since such g; will satisfy max (|g; ()], | Vg;(2)| ) < 1 forall z € supp(Q) U B; and

max(lgj(z)*gj(y)l IVg; )=V Wl 95(x)—g;(¥)—=Vg; (@) (z—y)| Ig.f(w)*gj(y)ngj(y)(m*y)\) < 22

lz—ylly lz—yll, ’ sllz—yll? ’ sllz—yll?

for all z, y € supp(Q) by the argument of Appendix E the Whitney-Glaeser extension theorem [[15}
Thm. 1.4] of Glaeser [[14] will then imply that there exists g* & kg ng for a constant kg
independent of § depending only on d, with g*(z) = ¢(z) and Vg*(z) = Vg(z) for all z €
supp(Q). Since § and g* will have matching Stein discrepancy objective values, and each objective
is linear in g, the second advertised inequality will then follow.

Fixg € §),.0c, and j € {1,...,d}. We will now construct a function g; satisfying the desired

properties. Since g; and Vg; are determined on supp(Q), and g; and Vg, are determined on B;
for k # j by the constraints (29), it remains to define V;g; on B;. We choose the extension

V;gi(b) £ min {V,g;(2) +(|lz—b||;} forall be B;.
z€supp(Q)

Fix any z € supp(Q) and b € Bj, and let b* = z + e;(b; — z;). The argument of Appendix
implies that V;g; is ¢-Lipschitz on supp(Q), and hence it is also ¢-Lipschitz on supp(Q) U Bj.
Since

IVigi(2) = Vigi(0)] = [Vrg; (2)] < |25 = b;] <[]z = bl
for all £ # j, we have @) Moreover, the boundary compatibility constraints of G| o.c, imply
195 (0) = g;(2)| = 1g; (2)] < 16" = [l < [b—= =]},
establishing (30). We next invoke the triangle inequality, the boundary compatibility conditions
of §j|,.q.c., Holder’s inequality, the Lipschitz derivative property (3T), and the fact ||z — b[|;, =
[|b* — z||; + ||b* — b]|; in turn to establish (32):

l9;(b) — gj(2) = (Vg;(2),b— 2)| = [g(2) — V;g;(2)(2j — bj) — (Vg;(2),b" = b)|

<lgj(2) = Vjgi(2)(z; — bj)| + [(Vg;(b*) — Vg;(2),b" — b)]
1 * * >k

< 5lv* - 2|2+ Vg, (b°) — Vg, (2)]| 16" = bll;
1 * * *

e 2|2+ ¢JIo* — 2|, [|p* -l

¢ ipe . ¢
< S — 2l 5 bl = S 2l
A parallel argument yields (34). Finally, we may deduce (33), as
195(2) = 9;(b) = (Vg; (), 2 = )| < |g;(2) = V;9;(2)(25 = bj)| +V;9;(b) = V;g;(2)ll2; — bjl
1 3¢
< 5z =02 4 Clb = 2l 2y = by < b - 2]}

by the triangle inequality, the definition of G| ., and the Lipschitz property (31)). O
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