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Validation of an asymptotic zone conditional
expression for turbulent burning velocity against
DNS database

By K.Y.Huht, S. H. Kim and S. Kim{

Zone conditional formulations for the Reynolds averaged reaction progress variable are
used to derive an asymptotic expression for turbulent burning velocity. New DNS runs
are performed for validation in a statistically one dimensional steady state configuration.
A parametric study is performed with respect to turbulent intensity, integral length scale,
density ratio and laminar flame speed. Results show good agreement between DNS results
and thet asymptotic expression in terms of measured maximum flame surface density and
estimated turbulent diffusivity in unburned gas.

1. Motivation and objectives

There has been controversy about the definition of turbulent burning velocity, which
is the mean propagation speed of a flame brush in turbulent premixed combustion. Al-
though it is a quantity of engineering significance in many combustion devices, experi-
mental correlations have shown much scatter in different flame configurations and test
conditions. There are some theoretical or analytical expressions with arbitrary tuning
constants (Peters 1999), which have similar functional forms with experimental correla-
tions (Abdel-Gayed et al. 1987). The current consensus is that there is yet no predictive
formula reliable in a wide range of combustion situations. A pessimistic view is that there
may be no unique measurable quantity to be defined as the turbulent burning velocity
in any given experimental condition (Driscoll 2003). However confusion may come from
the fact that we have not considered a complete list of relevant parameters or physical
phenomena, to characterize a turbulent premixed flame, e. g., external pressure gradient
imposed in stagnating (Liu & Lenze 1988) or buoyant flow (Khokhlov et al. 1996) or flame
instability to increase flame surface density at a higher ambient pressure (Kobayashi et
al. 1996).

Some form of averaging is essential to handle randomly fluctuating scalars and reac-
tion rates in turbulent combustion. Conditional averaging has proved useful to reduce
such fluctuation, while unconditional Favre averaging does not allow a logical approach
for closure of the nonlinear mean reaction rate. The conditional moment closure model
(Klimenko & Bilger 1999) which involves conditional averaging with respect to mixture
fraction has been successful in turbulent nonpremixed combustion problems (Kim & Huh
2004). Choice of the conditioning variable may be arbitrary as long as it contributes to
significant reduction of fluctuation from any conditional mean value. Zone conditional
averaging is a reasonable choice for turbulent premixed combustion at a high Damkohler
number. It is because much of the fluctuation originates from transition between burned
and unburned regions in addition to generic turbulent fluctuation in each region. In
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previous work the zone conditionally averaged mass and momentum equations were de-
rived with the closure assumptions for unknown surface average quantities (Lee & Huh
2004; Lee et al. 2004). Validation was performed against the DNS database of a steady
flame brush (Nishiki et al. 2002), although at relatively low turbulence Reynolds and
Damkohler numbers. In this study new DNS runs are made to validate the predictive
formula for turbulent burning velocity with parametric study to evaluate independently
the effects of turbulent intensity, integral length scale, density ratio and laminar flame
speed.

2. Mathematical Formulation
2.1. Definition of zone conditional averaging

We introduce the Heaviside function defined as

" 1 if e(x,t) >c*
Hc*(x,t,c):H(c—c):{ 0 fotglemlise } (2.1)

where ¢* is set equal to 0.5. The idea is to separate the instantaneous reaction field
into three distinct zones; unburned (p = p,), burned (p = pp ) and thin reaction zone
(pp < p < pu). The iso- ¢ surface defines the flame surface which separates the zone of
c(x,t) > c¢* from the zone of ¢(x,t) < ¢* . In the limit of a high Damkohler number the
reaction zone thickness is less than any turbulence length scale and the probability of
0 < ¢ < 1 becomes negligibly small. Then the expectation of H.« is equal to Reynolds
averaged reaction progress variable as

(H,) =z (2.2)

The overbar and (-) notation with no subscript represent an unconditional ensemble
average and may be used interchangeably. For any quantity, ® , it holds that

(He-®) =(®)s (2.3)

(1= He)®) = (1 -2) (@) (24)

where (®); and (®),, are the conditional averages in burned and unburned region respec-
tively. Define that

®; = (D) + &, (2.5)

where the subscript ¢ can be any of u, b, su or sb. The notations, sb and su, represent
the conditional quantities in burned and unburned gas adjacent to the thin reaction zone
as shown in Fig. 1. The prime notation may represent an unconditional or a conditional
fluctuation according to the definition of the average. The two averages, (®), and (®)g,
(or (@) and (®)s), are not in general equal to each other. When integrated over vol-
ume, the former represents a volumetric average in unburned (or burned) gas while the
latter represents a surface average on the unburned (or burned) side of a flame surface.
Conditional density fluctuation is ignored as negligible with constant p, and p, . Since
variable density and chemical reaction are confined to the thin reaction zone, all reaction
terms can be represented as simple interfacial transfer in terms of the surface average
quantities, su or sb, on either side of a flame surface.
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FIGURE 1. Illustration of instantaneous reaction field around a flamelet surface.

2.2. Derivation of T transport equation

The instantaneous local balance equation for reaction progress variable is written as,

0
% tv.-Ve= SalVe| (2.6)
ot
where the reaction progress variable, ¢ , is defined as,
T-T, Yr —Y#

c

= or ¢c= . 2.7

T, — T, Y-V 27)
T, T, and Ty are respectively local, unburned and burned gas temperatures. Yz, Yz and
Y} are the fuel mass fractions of local, unburned and burned gas. The two definitions in
Eq. (2.7) are equivalent for a unity Lewis number with no heat loss and compressibility
effects. Temporal and spatial derivatives of the Heaviside function are given as,

w =d(c— c*)% (2.8)
VH(c—c*) =6d(c—c*)Ve. (2.9)

A balance equation for the Heaviside function, H.«, can be derived from Egs. (2.6), (2.8)
and (2.9) as,
OH -
ot
where Sj is assumed to be equal to the laminar flame speed Sy, . The instantaneous flame
surface density X is defined as,

+v-VH,. =S, (2.10)

Y =|Ve|d(c —c¢*) (2.11)

Taking an ensemble average of Eq. (2.10) we have a transport equation for the Reynolds
averaged reaction progress variable as,
oc
ot

where the flame surface density, Xy , is an ensemble average of ¥. In Eq. (2.12), the
surface average of ® , (®),, is defined as (®), = (®X)/X; , which is different from

+ (Vou-VE= (v, -0 )Zf + 8L,y (2.12)
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the unconditional BML formulation. The surface averages here are taken to be on the
unburned side for modelling and interpretation in the following. It is, however, equally
valid to write Eq. (2.12) in terms of the surface averages on the burned side for an
infinitesimally thin flamelet. n is a unit normal vector on a flame surface toward the
unburned side given as,

n(x,t) = —(Ve/|Ve|)ezcr - (2.13)

Note that VH.« = —nX. The laminar flame speed, Sy, is the displacement speed relative
to adjacent unburned gas, i.e. vy = vy, +nSg,, where v, is the velocity of the iso-c flame
surface. In case counter-gradient diffusion is dominant over gradient transport with a
large heat release parameter and weak turbulence, the flame surface density, ¥; , may
be modelled simply as,

Y =4%,,0,¢(1 — ) (2.14)

where ¥,,,; is the maximum at ¢ = 0.5. This parabolic profile is shown to be accurate
in many experiments (Deschamps et al. 1992), while the peak ¢ tends to increase with
increasing gradient diffusion (Lee et al. 2000).

2.3. Asymptotic expression for turbulent burning velocity

The transport equation, Eq. (2.12), for the Reynolds averaged reaction progress variable
can be rewritten as,

ogec
ot
The first term on the RHS of Eq. (2.15) is modelled as,b

+ (V- VE= (W — (Wsu) - VE+ (Vo -1 )sZf + Sru 3y (2.15)

(V) = (V)su) - VE = flu' /S, Ka) Dy, V?E (2.16)

where Dy, is turbulent diffusivity in unburned gas and the function, f, represents the
effect of nonpassive nature of a flame surface in terms of the ratio, u'/S?, , and the
Karlovitz number. The difference between the surface and volume average velocities
comes from diffusive turbulent eddy motions in unburned gas without any externally
imposed pressure gradient. The second term on the RHS of Eq. (2.15) is modelled as
(Lee & Huh 2004) ,

!

(Ve 1 )sZp = K(B)32 (0 - 0)™°%; = K(K)3P(1 — (n), - (n),)053; (2.17)

u

where I is the mean stretch factor for laminar flame speed. K is a dimensionless constant
of order unity. The quantity, (v,, - n)s, is shown to be positive and approximately
constant through a flame brush in the DNS database (Nishiki et al. 2002). The transport
equation for the Reynolds averaged reaction progress variable can now be written for a
one-dimensional steady propagating flame as,
de "1 Q0 d*c 0.5 0.5 0

Ur e = fu' /88 Ka)Duu g + KBS = (), - (),)055, + oS5,5; (218)
where the turbulent flame speed, Ur , may be obtained asymptotically by assuming
exponential decay of ¢ as ¢ approaches zero.

dc

P ac as ¢—0 (2.19)
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The following relationships should hold asymptotically at the leading edge.

d’c _ de _ _

i ait, (ng)s=1, Xj;= gy =t as to 0 (2.20)
The magnitude of the mean unit normal vector, (n,)s , should approach unity as ¢ — 0
or ¢ — 1, as burned or unburned gas may exist only on one side of a plane normal to the
propagation direction. The constant a; is determined as 4%,,,, according to Egs. (2.14)

and (2.20). Then, an asymptotic formula for Ur is given from Eq. (2.18) as,
T = 4f(u’/52ua Ka')zmathu + IOS%u (221)

Note that the modeled term in Eq. (2.17) does not affect the asymptotic expression
for turbulent burning velocity. In the following the function, f, and the mean stretch
factor, Iy , are assumed to be equal to unity for comparison with DNS results. Further
investigation is required on these two parameters, while validity of this investigation will
not be impaired considering uncertainties in the other estimated quantities, ¥,,,, and
Dyy,.

3. Methodology in DNS

Direct numerical simulation is performed to construct a new database for validation
of Eq. (2.21) for turbulent burning velocity. Fully compressible Navier-Stokes equations
with single step chemistry are solved:

Op  Opu;
hallud = 1
A T 3D
apu, 0 5p 87—1]
) - _ 2= 2
T TG i el Py (32)
6p6 _ aujnj i oT
8pYR 0 0 OYR
ot + 8—3( u;YR) 3_( oz, ) — (3.4)
where
L+ P
pe = pouius + L (55)
. 6u,~ Buj 2 %
Tij = M (61}] + 9z 5611 amk) (3.6)
T,
w= ApYg exp(—T) (3.7)

p is the pressure, e is the internal energy and @ is the heat of reaction per unit mass of
fresh mixture. A is a pre-exponential factor. T, is the activation temperature. The gas
mixture is assumed to be a perfect gas with a specific heat ratio of y=1.4. Yg is the mass
fraction of reactant. The reaction progress variable is defined here as ¢ = 1 — Yg. The
thermal conductivity, A, and the diffusion coefficient, D, are given as

A = pcp/Pr and D = u/(pSc). (3.8)
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The viscosity, u, is given as

= ,uu(T/Tu)O"m- (3.9)
Both the Prandtl number, Pr, and the Schmidt number, Sc¢, are set to be 0.7. These
equations are integrated by a low storage fourth order Runge-Kutta method with a
sixth order compact finite difference scheme for spatial discretization. Initial and inflow
turbulence are homogeneous and isotropic. The DNS code is based on the finite difference
method with inflow and outflow boundary conditions at the inlet and outlet. Periodic
boundary conditions are assigned on the sides to represent an infinite planar flame.
Nonreflective formulations are employed to avoid a nondissipative transient reflected
from inlet or outlet boundary due to an arbitrary guess for the initial state. The number
of mesh points is 178x128x128 in the flow direction and the other two normal directions,
respectively. It was about the maximum number of mesh points that could be handled
by a LINUX PC with 1 Gb RAM.

The simulation is performed from an initial condition for five eddy turnover times to
reach a fully developed steady flame. Data are then sampled at a regular interval for
a subsequent ten eddy turnover times for averaging and postprocessing. There are 64
sampled data sets during the period of ten eddy turnover times for each case. The inflow
boundary condition is adjusted continuously to maintain the steady state and retain the
flame brush in the computational domain.

4. Results and Discussion

The simulation conditions for the reference case are summarized in Table 1. The
Damkohler number is 7.2, the turbulence Reynolds number is 116.4 and the Karlovitz
number is 3.94. These estimations are based on thermal diffusivity, laminar flame speed,
turbulent intensity and integral length scale given in the table. The Zeldovich number,
Ze, is defined as T, /T,, where T} is burned gas temperature. Dy, is thermal diffusiv-
ity. l. is chemical length scale given as Dy, / S%u, which corresponds to laminar flamelet
thickness. Single step chemistry will not be a concern for the zone conditional formu-
lations at a high Da, although the Da here is restricted by computational limitation.
Figure 2 shows three dimensional images of a fluctuating flame brush for the reference
case. There are about four or five computational cells assigned to resolve the internal
structure of a laminar flamelet. The quasi steady flame brush is well confined in the
domain throughout the sampling period. Flame surface momentarily forms a long finger
protruding into burned gas, which either burns out to disappear or gets detached and
convected downstream as an unburned pocket. Although not a serious concern, this may
affect conditional statistics as the flame touches the outlet boundary.

Spatial variation of ¢ and flame surface density in Figs. 3(a) and (b) show significant
fluctuation due to stochastic behavior of a limited flame portion in the domain. The
relationship between ¢ and flame surface density is also stochastic to some extent in Fig.
3(c), but falls in the region bounded by a parabolic curve with the peak value of about
1.2. The mean values shown as hollow circles also form an approximate parabolic curve
with the peak value of about 0.9 in Fig. 3(c). The instantaneous turbulent burning ve-
locity is set equal to the inflow velocity corrected for minor movement of the flame brush
at every time step. The mean turbulent burning velocity is 1.24 in Fig. 3(d) with fluctu-
ation for the same reason as in Fig. 3(a) and (b). Here the turbulent burning velocity is
estimated by X,,,, on the upper boundary curve, since the asymptotic gradient at the
leading edge seems to correlate better with the upper curve than with the average curve
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TABLE 1. Reference case

!

pulpy 8%, W /SL, w Uk e Tt Te v

4.0 0314 238 0.7471 0.0229 0.0455 1.0424 0.1449 0.005

k € 2 Dqp, Iy Ka Rey Da Ze

0.8373 0.4539 0.1390 0.0413 0.7788 3.94 1164 7.2 4.0

in Fig. 3(c). There will be negligible fluctuation with no such ambiguity in experimental
measurements or simulations in a much larger domain.

The volume and surface average velocities are shown at different times for the ref-
erence case in Fig. 4. Significant fluctuation of the conditional velocities is partly due
to an insufficient number of samples for averaging on each cross sectional plane. While
(v)p is greater than (v), in most flame regions, crossover between (v}, and (v}, should
occur near the leading edge for existence of a stabilized flame brush. The surface average
velocities are close to the volume average velocities, while deviation occurs near the edges
in Fig. 4. Deviation in unburned gas velocities occurs at the leading edge, while devia-
tion in burned gas velocities occurs at the trailing edge. It is clear that the propagation
characteristics depends on balance of momentum in the burned and unburned gas as well
as transport of scalar quantities in a turbulent premixed flame.

A parametric study is performed for six cases in addition to the reference case with
respect to turbulent intensity, integral length scale, density ratio and laminar flame speed
as listed in Table 2. Three dimensional flame configurations are compared for all six test
cases in Fig. 5. The flame shows more wrinkling with an increased flame surface density
for the case D1. A larger density ratio seems to suppress the wrinkling of flame surface to
some extent for the reference case. The cases Ul and U2 with lower turbulent intensities
show less wrinkling and shorter flame brush thicknesses than the reference case. Although
they have the same integral length scale, the characteristic scale of wrinkling shows ap-
parent increase to give a reduced flame surface density at a lower turbulent intensity.
Variation with respect to turbulent intensity, however, is not monotonic here, since the
case U2 shows a higher peak than the case U1l. The case S1 has a thicker laminar flamelet
with a lower laminar flame speed than the other cases. The case S1 also has a thicker
flame brush and a lower peak flame surface density than the reference case. The cases
L1 and L2 have lower integral length scales with the turbulent intensity the same as the
reference case. The flame brush thickness tends to decrease with a decreasing integral
length scale, while the flame surface density does not show a monotonic behavior.

Flame surface densities for the six parametric cases show a similar trend as for the
reference case in Fig. 6. The level of fluctuation varies with the maximum fluctuation for
the case D1 and the minimum fluctuation for the case S1. It may be inferred that the
fluctuation is partly related with accuracy of the estimation method based on the gra-
dient of instantaneous reaction progress variable in the domain. The case S1 shows less
fluctuation since it has a thicker laminar flamelet which allows more accurate estimation
of the gradient. As for the reference case the turbulent burning velocity is predicted in
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FIGURE 2. Images of a turbulent premixed flame brush at different instants for the
reference case. (a) 5.0 7¢, (b) 6.7 7%, (c) 8.3 7%, (d) 10.0 74, (e) 11.7 7 and (f) 13.4 7.

terms of the maximum flame surface density on the upper boundary of the scattered
points in Fig. 6. Without further study and more test cases in a larger domain it seems
difficult to find a consistent trend for the maximum flame surface density and the level of
fluctuation in terms of the independent parameters under investigation. Figure 7 shows
instantaneous turbulent burning velocities with mean values given as horizontal lines for
all cases. There is no obvious correlation between fluctuation in the predicted turbu-
lent burning velocity in Fig. 7 and fluctuation of the flame surface density in Fig. 6.
Comparison is made between the mean turbulent burning velocities from DNS and the
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FIGURE 3. DNS results for the reference case.

predictions by Eq. (2.21). The maximum flame surface densities from the upper bound-
aries of scattered points are listed in Table 3. The function, f(u'/ 59 ., Ka) , and the mean
stretch factor, I , are assumed to be equal to unity. Although not a satisfactory practice,
this simplifying assumption is not likely to affect overall validity of the comparison in
this study. Turbulent diffusivity is estimated from Dy, = u” Ty, where the Lagrangian
integral time scale, T, has been estimated or measured in a few previous investigations
in the literature. It is given in terms of the constant, Co, as T, 1= %CO%. The constant,
Co, was estimated to be about 2.1 from thermal wake data, while Pope (1994) reported
a value in the range between 4 and 6. By fitting to direct simulation data Sawford (1991)
suggested a value of 7, which is employed in the comparison in this report. All the rele-
vant parameters are listed with the measured and estimated turbulent burning velocities
in Table 3. There is good agreement between DNS and asymptotic expression in Fig.
8 where the points for all test cases are clustered around the line, y=x. The maximum
error is about 15%.

5. Conclusions and future work

It is shown that the predictive formula for turbulent burning velocity agrees well with
DNS results for a steady turbulent premixed flame in all test cases. There is no external
pressure gradient to be taken into account in this one dimensional configuration. A
parametric study was performed with respect to turbulent intensity, integral length scale,
density ratio and laminar flame speed. Although some uncertainty remains for estimation
of stretch factors and turbulent diffusivity, validity of the predictive formula is confirmed
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FIGURE 4. Conditional velocities at different instants for the reference case. Solid line for
< v >gy, dotted line for < v >,, solid line with markers for < v >4 and dotted line with
markers for < v >p.

Case Identification Parameter Investigated

D1 pu/po =1.0
U1 u =0.3736
U2 u =0.1868
S1 S2., =0.181
L1 1, = 0.5841
L2 I, = 0.3894

TABLE 2. Six cases for parametric study
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FIGURE 5. Images of turbulent premixed flame brushes for six parametric test cases.

in this investigation. DNS results show significant fluctuation of spatially averaged values
on each cross sectional plane due to a limited computational domain and an insufficient
number of samples for averaging. Correlation is made in terms of the maximum flame
surface density on the upper boundary of scattered data points. Turbulent diffusivity is
estimated from the Lagrangian integral time scale with the Kolmogorov constant, Co,
equal to 7. Further work is needed to reduce fluctuation of statistical averages in a larger
computational domain and to perform DNS of a more realistic lame with multistep
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d
Case Dy, S Ymax URNS UP®

ref 0.1961 0.314 1.21 1.24 1.26

D1 0.1916 0.314 1.30 1.15 1.33

U1l 0.0981 0.314 1.05 0.72 0.73

U2 0.0438 0.314 1.10 0.6 0.51

S1 0.1961 0.181 0.90 0.74 0.89

L1 0.1471 0.314 1.25 1.00 1.05

L2 0.0981 0.314 0.90 0.70  0.67

TABLE 3. Comparison of turbulent burning velocity from DNS and predictive formula

chemistry and nonunity Lewis numbers. The effect of an external pressure gradient may
easily be taken into account in the current steady one dimensional simulation.
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