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Abstract

Azevedo and Gottlieb [2017] (AG) define a notion of equilibrium that always ex-
ists in the Rothschild and Stiglitz [1976] (RS) model of competitive insurance mar-
kets, provided costs are bounded. However, equilibrium predictions are sensitive
to assumptions made about the upper bound of cost: introducing an infinitesimal
mass of high cost individuals discretely increases all equilibrium prices and reduces
coverage for all individuals. We measure model sensitivity to these assumptions by
considering sequences of economies with increasing upper bounds of cost, and de-
termining whether the sequence of their equilibria converges. We present sufficient
conditions under which AG equilibrium exists when cost is unbounded. For simple
insurance markets, we derive a condition which is necessary and sufficient for exis-
tence: surplus from insurance must increase faster than linearly with expected cost.
This condition is empirically common. If this condition does not hold, a wider range
of costs results in market unraveling because all prices increase without bound and,
in the limit, an AG equilibrium does not exist. We use these results to show that
the equilibrium for an insurance market with an unbounded continuum of types is
characterized by a simple differential equation. We also provide examples of non-
existence for lemons markets (where a single insurance product is available) with
unbounded cost.
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1 Introduction

The Rothschild and Stiglitz [1976] (RS) model of competitive insurance has (at least) two
limitations. First, there need not exist a pure-strategies Nash equilibrium. Second, the
equilibrium is sensitive to assumptions made about the upper bound of the cost dis-
tribution, because introducing an infinitesimal mass of high cost individuals discretely
increases the equilibrium price of all insurance contracts. Azevedo and Gottlieb [2017]
(AG) suggest a notion of equilibrium that always exists in the RS context. By tackling
existence, the AG equilibrium concept allows us to focus on the second limitation: sen-
sitivity to assumptions about cost. In fact, an AG equilibrium is only guaranteed to exist
when the distribution of cost is bounded. Moreover, the predictions of AG equilibrium
can be similarly sensitive to cost bounds. This can limit the practical usefulness of in-
surance models for two reasons. First, it is often unclear what constitutes a reasonable
upper bound for cost (especially when costs exhibit “fat tails”). Second, it is unclear
what settings feature the extreme sensitivity of the RS setting.

This article derives conditions under which markets with adverse selection (and,
in particular, insurance markets) have AG equilibria which are robust to assumptions
about the cost distribution. We do so by considering sequences of truncated economies
where cost is bounded, and progressively relaxing this truncation. Our measure of ro-
bustness is whether the equilibria of the truncated economies converge, that is, whether
an equilibrium exists for the limit economy with unbounded cost.

Our motivation is not that economies with unbounded costs are particularly relevant
or realistic. Instead, we take existence of equilibria as our measure of whether a model’s
predictions are sensitive to assumptions about the (support of the) cost distribution.
If the equilibria of bounded economies converge to an equilibrium of the unbounded
economy, then equilibrium predictions are robust. Conversely, if cost assumptions can
have an unbounded impact on equilibrium predictions, this can be diagnosed by find-
ing that the limit economy has no equilibrium.

We begin by considering the (quite general) setting described in AG. Intuitively, an
AG equilibrium is a set of prices and choices such that a) individuals optimize, b) each
contract breaks even and c) the choices and the prices of non-traded contracts are ro-
bust to small perturbations in the model’s fundamentals. In the RS model, there ex-
ists a unique AG equilibrium which predicts the same allocation as the pure strategies
Nash equilibrium (when it exists). In that setting, we provide sufficient conditions un-
der which an economy with unbounded cost has an equilibrium.

We then focus on the case of insurance markets, in the spirit of Rothschild and Stiglitz
[1976]. We allow individuals to differ in both risk and risk aversion (although a single
parameter determines both), and assume that costlier types have higher marginal will-



ingness to pay for more generous insurance contracts. We begin by providing a novel
characterization of the (unique) AG equilibrium for an arbitrary number of (possibly
unbounded) discrete or continuous types. We also show that, if cost is unbounded, the
price of full insurance is also unbounded in any equilibrium. Then, we derive a condi-
tion on model primitives which is both necessary and sufficient for existence of equi-
librium when cost is unbounded. Intuitively, this condition requires that surplus from
insurance increases faster than linearly with expected cost.

The condition divides insurance economies into “robust” and “fragile.” For fragile
economies, where the condition does not hold, as cost becomes unbounded, the market
unravels: the price of each alternative increases without bound and the chosen level of
coverage of each type converges to zero. For fragile economies with unbounded cost,
an equilibrium does not exist. Conversely, robust economies have an equilibrium no
matter what the assumption is imposed on the support of cost.

This condition is intuitive and empirically relevant. For instance, if individual util-
ities are CARA and wealth shocks are Gaussian, our existence condition requires that
the variance of wealth shocks increases (asymptotically) faster than linearly relative to
the mean of these shocks. This condition is satisfied in the empirical findings of Handel
etal. [2015] and, more broadly, it is empirically common that individuals with higher ex-
pected cost also experience higher variance in insurable wealth shocks (Hendren [2011],
Brown et al. [2014]). Therefore, robust insurance economies seem empirically common.

Our results also emphasize that unidimensional heterogeneity necessarily implies
that an economy is fragile. For instance, if all individuals have the same risk aversion (as
in Rothschild and Stiglitz [1976]) and costs are unbounded, an AG equilibrium does not
exist. Multidimensional heterogeneity, while rare in theoretical models, is commonly
considered in applied work like Cohen and Einav [2007], Einav et al. [2010b, 2012, 2013],
Handel [2013], Handel et al. [2015], Veiga and Weyl [2016]. Such applied work (and, in
fact, the calibration in AG) frequently assume unbounded cost distributions.

We use these results to characterize the equilibrium of an insurance market with an
unbounded continuum of types, and show it is defined by a simple differential equation.
We also characterize the equilibrium for an economy with unbounded discrete types.

We then briefly consider the setting of lemons markets, as in Akerlof [1970], Einav
et al. [2010a]. In these markets, there is a single non-zero insurance contract available,
so individual choices are binary. We show that, even in such simple settings, unbounded
costs (for instance, if cost has an exponential or Pareto distribution) can result in equi-
librium non-existence.

We then generalize several of our results beyond simple insurance markets. For in-
stance, unbounded costs imply unbounded prices even in more general settings where
types are truly multidimensional and, therefore, there is pooling of multiple types in



each contract. This result allows us to identify a large class of economies in which costs
are unbounded and equilibrium does not exist.

The usefulness of our results is two-fold. First, in insurance markets where model
primitives are well known, we provide a novel characterization of equilibrium. This
characterization shows under which conditions a wider distribution of cost types causes
a market to unravel or not. Second, when model primitives are uncertain, we identify
conditions under which assumptions about the support of the cost distribution have a
large impact on equilibrium predictions.

The rest of the article is organized as follows. Section 2 summarizes the setting and
results of AG. Section 3 specializes that model to the case of insurance markets, in the
spirit of Rothschild and Stiglitz [1976]. Section 4 considers a market for lemons, as in
Akerlof [1970], Einav et al. [2010a]. Section 5 generalizes several results. Section 6 con-
cludes. All proofs are contained in the Appendix, although we provide some intuition
for the proofs in the main text.

2 The AG Setting

In this section, we consider the model of a competitive market with adverse selection
presented in AG, generalized to allow for unbounded costs. We summarize the existence
results in AG, which require cost to be bounded. Then, we provide sufficient conditions
for existence in economies with unbounded cost.

2.1 Setup

A consumer type is a vector § € ©, where © is a Polish space with measure P.' The type
0 can describe each individual’s risk, risk aversion, wealth, etc. An alternative is a vector
x € X, where X is a locally compact Polish space. Alternatives can be characterized by
deductibles, co-insurance rates, etc. Price is p € R.. A contractis a pair (z,p) € X x R,.
We consider Borel-measurable price functions p : X — R, where p () is the price of
alternative x. An economy € is a triple £ = [0, P, X].

Utility is a continuous function u (0, z,p) = uy(x,p), whereu : © x X x R, — Ris
strictly decreasing in p. Cost is a continuous function ¢ (6, z) > 0, wherec: © x X — R,.
Cost depends on type 6 which creates the possibility of adverse selection.

An allocation is a distribution @ on © x X with marginal P on 6, and marginal ax
on X, such that [y, y ¢(f, z)da < co. One can think of « ({6, z}) as the mass or density of
types 0 purchasing alternative x under allocation «.

A Polish space is a complete, separable metrizable space.



AG assume that ©, X are compact. Since ¢ (¢, x) is continuous, this implies that cost
is bounded. In this article, we will allow O, and therefore cost, to be unbounded. We
assume that, for each compact sub-set of alternatives KX C X, if all agents choose alter-
natives in K, expected cost is finite: formally, [ sup,x c(x,0)dP(6) < oo.

2.2 Existencein AG

AG define a “weak equilibrium” as a price function and an allocation (p, o) where in-
dividuals are maximizing and each contract breaks even (for each z, price equals the
average cost of its buyers under «).

Definition 1. A pair (p, ), consisting of a price function p : X — R and an allocation
« is a weak equilibrium of an economy £ = [O, X, P] if, for a-a.e. (0,z) € © x X, the
following two conditions hold. First, individuals maximize: for o — a.e. (0, z), we have
sup,cx Ug(p(z'), ') = ug(p(z), ). Second, contracts break even: for a — a.e. z, we have
p(x) = Eqc ]| z].2

Typically, there exists a large multiplicity of weak equilibria because, for alternatives
x which are not traded, p () is arbitrary. This motivates AG’s definition of equilibrium.
Intuitively, an equilibrium is a weak equilibrium which is also robust to the introduction
of a small mass of zero-cost “behavioral” types who purchase every alternative z € X.°
More precisely, an equilibrium is the limit of a sequence of weak equilibria of perturbed
economies &£; where the mass of behavioral types vanishes as j — co. This requirement
pins down the prices of alternatives which are not purchased in equilibrium, and im-
plies that there typically exist much fewer equilibria than weak equilibria. This article
uses “equilibrium” exclusively to refer to the notion of equilibrium described by AG and
formalized below.

Definition 2. Consider the economy £ = [O, X, P|, and the sequence of perturbed
economies & = [O U X, X;, P + n;]. Let (X;),;en be a sequence of finite subsets of X
which converge to X in the sense of Haussdorf,* where X is a Polish space such that X
is dense in X.> Let (7,),cn be a sequence of measures, with 7; supported on X, strictly
positive on X ;, and n;(X ;) — 0. Suppose there exists a sequence of pairs (p;, ;) jen, such
that:

2The conditional expectation is well-defined, as we have assumed that X is locally compact and for
each compact set K C X, [ sup,¢x c(z,0)dP(6) < co.

3A similar construction is used by Dubey and Geanakoplos [2002]. AG prove (do not assume) that
every equilibrium is a weak equilibrium.

11.e., for each z € X, there is (x,,),cn converging to z with z,, € X for eachn € N.

SFormally, X embeds to a dense subset of X, but we disregard such technicalities for the sake of brevity
at no cost to the generality. In insurance markets, we often take X = [0, 1) which naturally embeds in

X =[0,1].



e (p;, ;) is a weak equilibrium &;, where type z € X has zero cost and prefers z to
any other alternative (regardless of price); the types z € X; are known as behav-
ioral types.

e a; — a weakly.’
e Whenever (z,);cy converges to z € X with z; € X, then p;(z;) — p(x).
Then, the pair (p, ) is an equilibrium of € = [©, X, P].

AG prove that every economy satisfying certain boundedness conditions has an equi-
librium, as formalized by Theorem 1. More specifically, existence requires certain tech-
nical assumptions on utilities and cost and, importantly, requires that the space of types
and alternatives (O and X) are both compact.

Theorem 1. Suppose that X, © are compact metric spaces. Suppose also that v obeys a
form of Lipschitz-ness in X uniformly over types,” and that c is continuous (which implies
c is bounded). Then, an equilibrium exists.

AG also derive additional properties of equilibrium (their Proposition 1). An equilib-
rium is also a weak equilibrium, and hence in equilibrium a.e. agent is optimizing (we
use this conclusion implicitly throughout this article). The price function p (-) is Lips-
chitz and continuous. Every alternative that is not traded in equilibrium has a price low
enough that some individual is indifferent between buying it and not, and the cost of
that individual at the non-traded alternative is at least as high as the price of the alterna-
tive. We generalize these results for environments with unbounded types in Proposition
12 and Lemma 18.

2.3 Existence with unbounded cost

To assess robustness to assumptions on the support of costs, we will consider sequences
of economies with truncated cost distributions, which progressively approximate an
economy with unbounded cost. We then consider existence of equilibrium of this limit
unbounded economy.

The truncated economy £" = [©", X, P(- | ©")] has a bounded type space ©". More
specifically, we consider a sequence of compact subsets O! C ©2 C ... C O with
U,©" = ©. We assume that for each n € N, each § € ©" and each ¢ ¢ ©\0,, we

bi.e., foreach f : © x X — R continuous and bounded, [ fda" — [ fda.

"Formally, there exists L, such that for any p < p’ in the image of ¢, any z, 2’ € X, and any type § € ©, if
u(z,p,0) <u(x,p,0),thenp’ —p < Ld(x,z"), where d(-, -) is a metric. This is Assumption 2 in AG. If utility
is of the form u(0, z, p) = v(0, z) — p, this amounts to u(6, x, p) being Lipschitz in z, uniformly in 6 (same
Lipschitz constant for all 6).



have ¢(6,-) < ¢(#',-). That is, types not included in ©™ have costs higher than those
in ©". The alternative space X is the compactification of X (the union of X with its
limit points). We assume that c(-,-) and u(-,-,-) extend continuously to X x © and
X x © x R,. Conditional distributions in each £" are defined in the standard way:
P(-|©") =P(-Nn6O")/P(O").

By Theorem 1, each truncated economy £" has an equilibrium (p", ™). Our first
result considers the existence of an equilibrium (p, «) of the limit unbounded economy
E.

Proposition 1. Foreachn € N, let (p™, a™) be the equilibrium of the truncated economy
E™, such that:

e Thereisa functionp : X — R, s.t. p" — p uniformly on compact subsets of X .
e Thereis a distributiona on©® x X C © x X s.t. " — o weakly.

o (*) Thereis cy > 0 such that for large enough k andn > k, types in ©™\©* purchase
only options x with costp™(z) > co. Le., " ({p"(z) > ¢o} | @ € ©,\O) = 1.

Then (p, «) is an equilibrium of the unbounded economy £ = [©, X, P].

Intuitively, condition (*) requires that costly types do not purchase cheap contracts.
This condition holds naturally in the insurance models we will consider.

Proof. The proof uses a diagonalization argument. For each truncated economy £7, its
equilibrium (p", o") is the limit of the weak equilibria (p?, Oz?) of asequence of perturbed
economies &' which have a vanishing mass of behavioral types, as described in AG. We
then consider the sequence £" and show that an appropriate diagonal of weak equilibria
(p?n, oz;ln) converge to an AG equilibrium of £ when n — oo. Finally, we modify the
equilibria on this diagonal to include all types, as o’ only allocates types in ©". Due to
the behavioral types, this can be done without changing the price p}. For details, see

Appendix E1. O

One limitation of Proposition 1 is that it does not impose requirements directly on
model primitives. This is a limitation of our results in this general setting. However, in
Section 3, where we consider insurance markets with additional structure, we are able to
derive a condition on model primitives which is necessary and sufficient for Proposition
1 to hold in that setting.

3 Simple Insurance Markets

We now specialize the model of Section 2 to insurance settings, in the spirit of Roth-
schild and Stiglitz [1976]. This section contains the bulk of our contribution. First, we



provide a novel characterization of equilibrium with arbitrarily many (and possibly un-
bounded) types, thereby extending AG’s analysis of RS. Then, we derive a condition on
model primitives which is necessary and sufficient for equilibrium existence in insur-
ance markets with unbounded cost. Lastly, we characterize equilibrium in insurance
markets with an unboundedly continuous or discrete types.

Intuitively, the existence condition we derive requires that surplus from insurance
increases sufficiently fast with risk. When this condition does not hold, economies are
said to be “fragile”: relaxing assumptions on the bound of the cost distribution has a
large (unbounded) effect on equilibrium predictions. We also show that, for fragile
economies, expanding the support of the cost distribution results in market unravel-
ing (the price of every alternative diverges, and every type’s allocation converges to zero
insurance coverage). When the condition holds, economies are “robust.”

3.1 A model of insurance

An individual of type 6 is exposed to a stochastic wealth loss described by the random
variable Z,. Let 1 : © — R, be a continuous map assigning to type 6 her expected loss,
denoted i = p (0) = E[Zy]. We assume p > 0 P-a.s. We allow the marginal distribution
of 1 to not be compactly supported: VM > 0, P ({6 | n > M}) > 0. Denote the marginal
probability of 4 by P, = P o ™!, and let 4 = min (supp (P,)).

We assume the following parameterization of alternatives. An individual who pur-
chases alternative = € [0, 1] is only exposed to the random shock (1 — z) Z,, with the
remaining x 7y being absorbed by the insurer. Full insurance corresponds to = = 1, and
zero insurance to = = 0. Hence, the alternative space, unless otherwise specified, will al-
ways be either X = [0,1] or X = [0, 1), i.e., we may remove the option of purchasing full
coverage, because, as we will show in Section 5.3, any equilibrium with unbounded cost
must have lim,_,; p(x) = co. In fact, all the results in Section 3 hold if the upper bound
of coverage is replaced with z,,,, € (0,1). We will proceed by considering X = [0, 1] or
X = [0, 1) for notational and expositional simplicity.

The cost to a risk neutral insurer of alternative x sold to a type 0 is ¢(6,x) = px. We
assume [, p(0)dP < oo: even if each individual chooses full insurance (z = 1), the
average cost is finite.

We make the following assumption regarding utilities.

Assumption 1. Utility (certainty equivalent) is

u(@,x,p) = T + g(.’L’)l/g - D

for some continuous functionvy : © — R, .. Weassume g : [0,1] — R is twice continu-



ously differentiable, ¢ > 0inxz € [0,1),¢9" <0,¢' (1) =0andg” (1) < 0.

Utility from alternative = has three components. First, 2y is the individual’s ex-
pected cost, which is passed on to the insurer. Second, g(x)v, captures the individual’s
surplus from insurance, where v is the individual’s “insurance value.” Notice that g(z)
is common to all individuals, while v is heterogeneous. If vy > 0, individuals are willing
to pay for insurance above their expected cost (for instance, due to risk aversion). There
are decreasing marginal returns from insurance and, at full insurance, insurance has
zero marginal value (¢’ (1) = 0). We also assume certainty equivalents are quasilinear
in prices. This assumption is not innocuous, but is common in models with constant
absolute risk aversion (CARA).? These assumptions imply that types are effectively two-
dimensional, since only (1, 9) matter for decisions and costs.

The marginal willingness to pay for additional insurance is

0
we () = %(%;p) =g+ g (x)ve > po.

with equality iff x = 1. By Assumption 1, wy is independent of price.
We also make the following assumptions on the distribution of types.

Assumption 2. vy = v (u) with v (-) a weakly increasing function, locally Lipschitz and
v(p) > 0 forp > p.

Assumption 3. P, is either absolutely continuous with a.e. positive density on a (bounded
or unbounded) interval, or purely atomic with finitely many atoms in each bounded in-
terval.

Assumption 2 implies that the marginal willingness to pay for insurance wy is strictly
increasing in cost x. The assumption of wy monotonic in y is true in RS, Riley [1979], in
AG’s treatment of insurance markets, and in all models of insurance with one-dimensional
types that we are aware of.” Under Assumption 2, utility is completely determined by
risk u: two types with the same risk also have the same marginal willingnesses to pay, so
types are effectively one dimensional: § = (u, v (1)).!° This nonetheless generalizes the
analysis of insurance markets by RS and AG, where v (1) was assumed to be constant.!!

8Notice that quasi-linearity implies that utility is 1-Lipschitz in price.

9This assumption is not present in models with multidimensional types, like Wambach [2000], Pi-
card [2017], Veiga and Weyl [2016], Smart [2000], Villeneuve [2003]. Villeneuve [2003] and Smart [2000]
consider, as we do, settings where individuals differ in risk and risk aversion, but costs are bounded.
Wambach [2000], Crocker and Snow [2011] and Snow [2009] consider other forms of multidimensional
heterogeneity.

10We write p4, vy when the type space O is generic. We write 1, v when the type space is a subset of R, .

HFEor this reason, we sometimes write, for instance, w,, instead of wg.



Assumption 3 imposes some regularity on the marginal distribution of risk x. The
condition is mild, and satisfied in all insurance models that we are aware of.'*

Example 1 illustrates a setting where Assumptions 1 and 2 are satisfied. This CARA-
Gaussian parameterization is used, for instance, in Veiga and Weyl [2016], Levy and
Veiga [2017].

Example 1. Suppose wealth shocks are Gaussian: Z; ~ N (ug, 07). Suppose utility is
CARA: Uy (y) = e ¥ where y is wealth and qy is risk aversion. Each type has initial
wealth wy. Then, insurance value is vy = ago} and certainty equivalents are u(6, z, p) =
Tpo+3i (1 —(1— x)Q) vp—p. Marginal willingness to pay for insurance is wy(z) = g+ (1—
x)vp and Assumption 1 is satisfied. Assumption 2 is satisfied if vy = v (ug) for a weakly
increasing function v (-).

3.2 Insurance Markets in AG

AG consider a specialization of their general model to insurance markets with two cost
types. In insurance markets, since ¢(, z) = uz, so the AG equilibrium break-even con-
dition becomes

p(r) =z Eufp | z], a—a.e.x. (1)

In that setting, AG derive several properties of equilibrium (AG’s Corollary 1). An
equilibrium always exists and is unique. In equilibrium, the high-cost individual ob-
tains full insurance, and is indifferent between her choice and the contract chosen by
the low-cost individual.'”® Moreover, the equilibrium price function p (z), is the upper
envelope of the line p = 0 and each type’s indifference curve at her chosen contract.
Notice that only 2 contracts are purchased in equilibrium but p (x) defines a price for all
contracts z € X. This is illustrated in Figure 1.

3.3 Equilibrium Characterization

We generalize AG by characterizing equilibrium in insurance markets with arbitrarily
many (and possibly unbounded) types. Recall that X = [0,1] or X = [0, 1).

12t is not conceptually difficult, but practically cumbersome, to extend Theorem 2 using the techniques
in this paper to the class of distributions P, with the following properties: P,has finitely many atoms
in each bounded interval, and there are a finite (possibly empty) or infinite sequence a1 < b < as <
by < ...s.t. the non-atomic part of P, is concentrated on U, [a,,, b,] and distributes on this set absolutely
continuously with a.e. positive density.

3In the RS model, the AG equilibrium has the same allocation as the Riley [1979] equilibrium, which
is also the Nash equilibrium, when the latter exists. However, a Riley [1979] equilibrium need not always
exist, as shown by Azevedo and Gottlieb [2016].



AG equilibrium with 2 types
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Figure 1: Equilibrium in an insurance market with 2 types, as described in AG. Dashed
black lines represent zero-profit lines for each type. Solid lines represent each type’s
indifference curves at chosen contracts. The equilibrium price p (x) is the upper enve-
lope of the two indifference curves, above the line p = 0. Red diamonds represent the
combination (p, z) chosen by each type.

Theorem 2. Suppose Assumptions 1, 2 and 3 hold for a bounded or unbounded insurance
economy & = [0, X, P|. There is at most a single equilibrium (p, «) for €, and when it
exists, it satisfies:

1. Pricep(z) is continuous, and it is strictly increasing for {x | p(xz) > 0}.

2. Thereis a continuous and strictly increasing mappingo : supp(P,) — X that assigns
to each type i, the alternative o (1) that she choses a-a.s.

3. Each contract breaks even: P — a.s., p(o(p)) = - o(p).

4. Fullinsurance (x = 1) is in the support of the equilibrium and zero insurance (xr = 0)
is purchased by a set of individuals with measure zero.

5. Price is Lipshitz in any interval bounded away from full insurance (x = 1); if u is
bounded P-a.s., price is Lipshitz.

6. If P, is discrete, each type is indifferent between the contract she choses a-a.s. and
the next highest coverage purchased in o.'*

Proof. Most of Theorem 2, except for the uniqueness of equilibrium, follow immediately
from the more general Proposition 6, proved in Appendix G. The uniqueness (if equi-
librium exists) follows from Corollary 2 (continuous types, bounded costs), Corollary 4

MPFormally: Let y1 < po be two atoms of P, with no atom between them. Suppose type x; purchases z;
and type po purchases x2 a-a.s.. Then, type s is indifferent between (x2, p(z2)) and (x1, p(z1)).



(continuous types, unbounded costs), Proposition 2 (discrete types, bounded costs), or
Proposition 4 (discrete types, unbounded costs). ]

When risk p is essentially bounded, existence follows from AG, but Theorem 2 estab-
lishes uniqueness. When p is unbounded, Theorem 2 shows that uniqueness still holds
(when equilibrium exists). Moreover, the equilibrium has several properties familiar
from AG and RS: higher cost types purchase more generous insurance, full insurance
is purchased by some type in equilibrium, and incentive compatibility binds “down-
wards.”"®

Theorem 2 has an additional implication for unbounded economies. In the limit
where cost becomes unbounded, the equilibrium price of the most generous contract
also becomes unbounded.

Corollary 1. Under Assumptions 1, 2 and 3, if P, is not compactly supported, then in any
AG equilibrium
lim p (z) = 0.

r—1

Proof. From Theorem 2, the allocation o (u) is strictly increasing, so there is full sepa-
ration of types and the costliest types purchase the maximum available insurance cov-
erage. If types are unbounded, this cost is arbitrarily high and therefore lim,_,; p (x) di-
verges. For details, see Appendix B. O

This condition will play a key role in our analysis of existence. For equilibrium to
exist, preferences must be such that p () can diverge at full insurance (z = 1) but must
converge for all + < 1, while still preserving the incentive compatibility required by
Proposition 6. Corollary 1 is why, for economies with unbounded cost, we consider the
(non-compact) alternative space to be X = [0, 1).

Our interpretation of Corollary (1) is not that that we should expect infinite prices in
any insurance markets. Our goal in analyzing the equilibrium of unbounded economies
is to determine the robustness of the model to assumptions about cost. We take Corol-
lary (1) as a tool that will aid us in that analysis.

3.4 Existence

In this section we consider, as in Section 2, sequences of truncated bounded economies
economies £" which approximate an economy £ with unbounded cost. We will derive

1We remark that, although Theorem 2 is used to prove Corollary 2, Corollary 4, Proposition 2 and
Proposition 4, these proofs do not rely on the uniqueness of equilibrium. Instead, those proofs rely only
on the other properties listed in Theorem 2 (and hence we have not fallen trap to circular logic). We
present the uniqueness as part of Theorem 2 for expositional simplicity, instead of leaving this conclusion
for a later corollary.



anecessary and sufficient condition on model primitives for the equilibria of £" to con-
verge to the equilibrium of &£, for unbounded continuous types (Subsection 3.5) and
unbounded discrete types (Subsection 3.6).

We briefly recall our construction of truncated economies. We consider the un-
bounded economy £ = [©, X, P] with the unbounded type space O, the measure P on
©, and the alternative space X = [0,1) as discussed in Corollary 1. Recall that ;1 =
min (supp (P,)). We also consider a sequence of truncated economies £" = [0", X, P(- |
©")], with bounded type space ©" = {u € [H, m} N supp (Pﬂ)} for some 7i,,;, bounded al-
ternative space X = [0, 1], and conditional distribution P(- | ©") = P(-N©") /P (™).
Since each ©", X is compact, £ has an equilibrium (p", ™). We will consider a sequence
of economies £" with 1z,, — 0.

When the equilibrium of £ exists, we say the insurance economies £" are “robust.”
Since the equilibria (p™, a™) of £" converge as cost becomes unbounded, the model’s
predictions are robust to assumptions about the support of cost. Conversely, when &
does not have an AG equilibrium, and we say that the economies £" are “fragile.” For
these economies, assumptions about the distribution of risk have large effects on equi-
librium predictions.

We will apply the existence result in Proposition 1 to the setting of insurance markets.
To do so, Lemma 7 (Appendix E1) shows that the technical condition (*) holds in insur-
ance markets. While Proposition 1 requires knowledge of the limit equilibrium (p, «),
this result is enough for the setting of simple insurance markets because the structure
of equilibrium is known from Proposition 6.

We will illustrate how to use Proposition 1 by means of two of examples. In each
case, we will derive a condition on model primitives which is necessary and sufficient
for the remaining conditions of Proposition 1 to hold. First, we consider a competitive
insurance market with an unbounded continuum of cost types. This setting is appealing
because the equilibrium (when it exists) is particularly tractable and characterized by a
simple differential equation. Our second example considers unbounded discrete types,
which is a setting more similar to traditional analyses of insurance markets like RS and
AG.

3.5 Insurance Market with a Continuum of Types

We now consider an insurance market with a continuum of cost types. Riley [1979]
showed that a Nash equilibrium (in pure strategies) do not exist in in this setting. AG
equilibrium exist (uniquely) if costs are bounded. We will obtain a simple condition
which is necessary and sufficient for existence of equilibrium when cost is unbounded.
When this condition does not hold, an economy is “fragile.” In this case, assumptions



about the support of costs can have large effects on equilibrium predictions. Moreover,
expanding the support of the cost distribution results in market unravelling: the equi-
librium allocation to each type converges to zero.

We assume that P, has support [i, 00) and Lebesgue-a.e. positive density (so As-
sumption 3 holds). From Proposition 6, any equilibrium (p, ) is unique, has p strictly
increasing, locally Lipschitz, and features a continuous and strictly increasing choice
rule x = o ().

We will first derive necessary conditions, and then show that these are also sufficient.
In the main text, we assume differentiability and that all types maximize utility (instead
of P-a.e. type). For general proofs, see Appendix D.

First, we consider a bounded economy £" where cost is i € {H, m] From Theorem
2, each £" has an equilibrium (p”, o") with a continuous increasing allocation rule ¢” :
[, i) — [0, 1]. We omit superscript n for clarity. For every type ;. € (u, fin,), the optimal
choice is characterized by the First Order Condition

gz lsmow= 1+ ¢ (oc(p)v(n) —p (o(p) =0.

Since o(u) is strictly increasing, it admits an inverse 7 = 0!, so we can re-write this as

7(z) + 4 (v) v (7(x)) —p' (x) = 0.

Actuarily fair prices imply that, for every x in the interior of the support of ax,

px)=7() z=p(z)=7()+z- 7().

Summing these gives

(@) _ g
v(r(x)) r

Then ¢” (1) can be recovered by integrating both sides of (2) over x and using the change

of variables 7 () = p. Proposition 6 provides the boundary condition ¢"(z) = 1. We

2)

therefore obtain the following result, which applies to any bounded insurance economy.

Corollary 2. The bounded economy £" has a unique equilibrium (p",a") , where the
choice rule o"(u) satisfies, Vi € [H, m},

/’”" L d;/:/l 9@ 4, 3)

po V(W) on(n) T

and, in particular, o™ (p) > 0 for p > p.'°

1f v () > 0, 0(p) > 0.



Proof. Since @ > 0, there is a unique " (1) that solves (3) for each (, so integration
establishes uniqueness and the (3). For details, see Appendix D.3. O

We now consider the sequence of economies £" as ji,, — co. Corollary 2 suggests that
a necessary condition for the equilibria (p”, o™) to converge is, for some p € [, 00),

/Oo ! du' < 0. 4)
no V(W)

Corollary (3) formalizes the result.

Corollary 3. Suppose (4) does not hold. Then:

e For each 0 < z, price diverges: lim,,_,, p"(z) = co.
e For each p, coverage converges to zero: lim,,_,., 0™ (u) =0

e & does not have an equilibrium.

Proof. From Corollary 1, as 7z, — oo, we must have lim,_,; p" (r) = oo. However, the
curves p" (x) must also satisfy incentive compatibility throughout. If the integrability
condition fails, the curves p" () cannot be sufficiently convex to diverge at full insur-
ance without also diverging at every other alternative. In that case, increasing 1,, causes
all prices to rise without bound and the allocation of every individual approaches = = 0.
In the limit, equilibrium does not exist. For details, see Appendix D.5. O

For “fragile” economies (where (4) does not hold) relaxing the truncation of the cost
distribution results in the market progressively unravelling. The price of each positive
coverage alternative increases without bound and, as a consequence, the levels of cov-
erage chosen by each type i approaches zero. Moreover, for fragile economies, the limit
economy & does not have an equilibrium. When (4) does not, assumptions about the
cost distribution have an unbounded effect on the predictions regarding equilibrium
prices. Notice that, if v(1) = 1y is a constant (as in Rothschild and Stiglitz [1976]), the
economy is fragile. While it is intuitive that the RS market would unravel if types with
higher expected cost were added, we are not aware of any article that makes this point
formally.

This result is illustrated in Figure 2. The left panel depicts a numerical simulation of
an insurance economy where v is constant and therefore (4) does not hold. The different
curves correspond to the price function p"(z) in the equilibrium of several truncated
economies £" with increasing values of 7z,,, showing that p" (z) diverges for each z."”

17A graph of 1 = o1 (z) would look similar (since each price p is associated to a single cost ). This
implies that, as n — oo, each type p obtains progressively lower coverage in equilibrium.



Condition (4) is not just necessary for equilibrium existence, but also sufficient. When
(4) is satisfied, changes in the support of the type distribution have a bounded effect on
equilibrium predictions. Therefore, (4) creates a sharp distinction between fragile and
robust economies. This is formalized by Corollary 4.

Corollary 4. Suppose (4) holds. Then there exists a unique equilibrium (p, «) of £, and
the associated choice rule o : [, oo] — [0, 1) is defined by

° 1 ., b g
dy = dz. 5
/u ()™ /auo v ©)

and, in particular, o(p) > 0 for > p.'®

Proof. Condition (4) ensures that Proposition 1 applies (p™ — p uniformly on compact
subsets of X = [0, 1) and o™ — «a weakly), hence equilibrium exists. Uniqueness and (5)
follow since for any 1/ > p > p

W1 o) ¢
/ gy = / g(x)
wov(p) oy T

so taking ;/ — oo gives the result, as lim, ., o(x) = 1 by Theorem 2. For details, see
Appendix D.4. O]

The result is illustrated in Figure 2, where the right panel shows a setting where
v = p'?, so the integrability condition (4) is satisfied. As the support of i expands,
the functions p" (z) converge to p (x), and each type’s choice o™ (1) converges to o ().

How restrictive is (4)? It is satisfied, for instance, if P-a.s., v grows asymptotically
at least as fast as Cu® for some C' > 0 and o > 1. In the CARA-Gaussian framework
of Example 1, vy = ayo; is the product of the CARA risk aversion coefficient ay and the
variance of shocks o3. In this case, (4) holds if a4 is constant and o3 increases more than
linearly with the expected cost 9. On the other hands, the result also shows that models
where v is constant necessarily describe “fragile” economies.

Condition (4) seems empirically reasonable for markets like health and auto insur-
ance where individuals with higher expected risk tend to have larger variance in out-
comes (Hendren [2011], Brown et al. [2014]). For instance, Handel et al. [2015] esti-
mate the distribution of healthcare expenditures conditional on individual covariates
and based on an empirical model with CARA utility. Those authors find (Table III of
their article) that, as age increases, both the variance o7 and the mean y, increase, but
the former increases faster than linearly w.r.t. the latter.

BIfv(u) > 0,0(p) >0.

YFormally, lim in f,— 0o ”AEQ‘) > 0, where the limit is taken along the support of P,.
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Figure 2: Left panel: equilibrium does not exist when v is constant. Right panel: equi-
librium does exist when v = p!2. The different curves correspond to the prices p"(z) of
simulated economies where log,, (7,,) took the values {1, 2, 3, 4,5} when v constant and
values {5, 10, 15, 20,25} when v = 2.

Condition (4) will not hold, for instance, if v < Cu®+ D witha < 1and C, D € R. Sec-
tion 5.3 provides an example where this condition implies equilibrium non-existence,
in a more general setting where type 6 = (uy, v5) may be truly two-dimensional.

3.6 Example: Discrete types

We now consider an insurance market with unbounded discrete types. Our goal is to
illustrate features of equilibrium familiar from RS and AG. For instance, p (z) is the upper
envelope of indifference curves (as in AG) and incentive compatibility constraints bind
“downwards” (as in RS). We present heuristic arguments in the main text, and proofs in
Appendix E.

The unbounded economy £ = [0, X, P] has types © = {(u, vx)3>, } where py, v, are
strictly increasing in k, with u;, — oo, v, — oo. The alternative space is X = [0,1). The
truncated economy £" = [O", X, P(- | ©")] has types ©" = {(u, Vi )r<n}, alternative
space X = [0,1] and distribution P(- | ") = P(-N©") /P (O").

We first construct the unique equilibrium of each £". Type 0, chooses (x, px), where
xy, pr are strictly increasing in k. Contracts break even: p, = zyu, Vk. Type py is indiffer-
ent between (zy, pr) and (x_1, pr_1). Combining these implies

P = Pi—1 g(rx) — g(wr—1) (6)

Vi Tk—1




which is the discrete analogue of (2).

We now determine the equilibrium choices 2} of economy £". The highest-cost type
w obtains the maximum available insurance contract (1, ). Then, (6) pins down the
value of z7_,, then of 27 _,, and so forth. In fact, (6) implies that there exists a function
¢, (-) that determines any =} = ¢, (z},,) based on knowledge of z},,, so equilibrium
choices can be defined recursively.?’

We now build the price function p” (z). Let Z}? : [0, 1] — R be the indifference curve
of type n} through her chosen contract, (z, p}). Z; is expressed algebraically by (15) in
Appendix A. We define p"(z) = Z}(z) if z € [:c}g,l, xﬂ 2! Incentive compatibility requires
T (x}) = I, (x}), so p"(-) is continuous.”* Moreover, Z;(z}}) = p,2} so the break-even
condition is satisfied. Notice that p" (x) is the upper envelope of indifference curves at
each individual’s chosen contract, as in AG.

Proposition 2 below uses these results to characterize the (unique) equilibrium of
&", thereby generalizing AG’s Corollary 1. Figure 3 provides a visual illustration of the
equilibrium for £4.

Proposition 2. The truncated economy " has a unique equilibrium where price is p™(-)

and the allocation o™ is concentrated on (uy, Vi, £} )k<n, With o™ ({(px, vk, 2})}) = If((gi)).

Proof. Follows from Theorem 2.7 O

We now consider the unbounded economy £. Appendix E.2 shows that (z})72, is
monotonically decreasing for each k, and hence lim,,_,,, x} = z; € [0, 1) exists, which
will be the choice of type % in the limit economy £. Moreover, continuity of ¢ (-) also
implies incentive compatibility in the limit economy, so z;, = ¢ (zx.1) as desired. The
equilibrium allocation is a({(u, zx)}) = P (ux). Moreover, we define Z;, : [0,1] — R as
the indifference curve of ., through (p, 1), and piece these together as above to form
the price function p(z) = Zy.(x) if z € [x)_1, z3).*

Since (6) is the discrete analogue of (2), it seems likely that, in this setting, a necessary
condition for existence will be a discrete analogue of (4):

20We have 27 = ¢p(drr2(- - (dn_1(1))---)). In the CARA-Gaussian framework of Example 1, ¢y (-) is
the positive solution of a second degree equation.

HLet 28 = min[z | Z§(x) > 0], and for convenience, set 2", = 0 and Z} = 0.

22Notice also that, for z < x}, the indifference curve is below the break even line (Z}} () < pn27), as

shown in Figures 1 and 3.
23

Proof. As remarked there, to avoid circular logic, the uniqueness stated in that theorem should not be
relied on here, but the specific allocations follows immediately from the other properties, as the highest
type purchases full insurance and the other types allocations are determined inductively O

2Again, o = min[z | Zo(z) > 0], and set z_; = 0 and Z, = 0. Again p(-) is well-defined and continuous,
and p (z) = maxgen gk (). Note that p involves 'infinitely many pieces’ and hence is not defined at z = 1.
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Figure 3: Construction of the Price Function p*(z) for £%. For each interval z € {x,‘i_l, :c;ﬂ ,

prices are given by p*(z) = Z}(z) where Z}(x) is the indifference curve of type k, who
chooses (z,pr). As in AG, the price p* (z) corresponds to the upper envelope of the
indifference curves of buyers.
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Proposition 3 below shows that this condition is indeed necessary, in parallel to Corol-
lary 3.

Proposition 3. Suppose (7) does not hold. Then:

e For each z > 0, price diverges: lim,,_,, p"(z) = 0o
e For each k € N, coverage converges to zero: lim,,_,., z} = 0.

e £ does not possess an equilibrium.

Proof. See Appendix E.2. O

If (7) does not hold, as we relax the truncation on economy €&, the price of each contract
increases without bound and each type’s chosen coverage converges to zero. In the limit,
the AG equilibrium does not exist.

In parallel to your analysis of economies with continuous types, (7) is also sufficient
for equilibrium existence, as we now show.
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Figure 4: Construction of Price Function for the unbounded economy with discrete
types. We show only the domain x € (0, %), since lim,_,; p (z) = oo.

Proposition 4. Suppose that (7) holds. Then:

e p, — p uniformly on compact subsets of [0, 1), and o — « weakly. Therefore, by
Proposition 1, (p, «) is an equilibrium.

e The equilibrium is unique.

Proof. Convergence follows from the definitions of o, «, p™, p in terms of the z}, since
x} — x4, for each k, and since each compact subset of [0, 1) contains only finitely many
of the points z,,. Details are given in Section E.3. Uniqueness is shown in Appendix E.2;
essentially, it shows that in any equilibrium, for each k& € N, the contact x; purchased
by type (i, vx) must satisfy z;, := lim,, 00 O (Prr2(- - (¢n(1)) -+ )) and, in particular, that
the limit is well-defined. O

The intuition for the summability condition (7) is similar to that of (4). In this case, p (x)
is the upper envelope of indifference curves. The slope of these indifference curves is
wy(z) = pp + (1 — x)vp. For unbounded economies, lim, 1 p (z) = oo by Proposition
3, so wy must increase sufficiently fast as + — 1. Since the choice of x increases with
i, then v must increase sufficiently fast to allow for p(z) 3, 00 without also arbitrarily
raising prices for all z < 1 (which would result in non-existence). The function p (-) of
the unbounded economy € is illustrated in Figure 4.

We now give a heuristic argument as to why (7) guarantees existence of an equilib-
rium. In particular, if in equilibrium type (u, ) purchases covering xy, the (x;) are such
that type (p11, vk11) is indifferent between (2441, pg1125+1) and (g, urzy). This implies

Pk Tk + 9(T) Vg1 — MeTk = Mrs1Tk01 T 9(Thg1 )Wt — Me1Th1 = G(Thg1) Vi1



Denote Az = xpy1 — Tgy Apx = pgr1 — pr and Agy = g(zry1) — g(zr). The expression
above becomes

A[}Jkl‘k = Agkykz—&-l (8)

For such an equilibrium, we must have many (z;) close to full coverage; fix 7" small

and a range of values s.t. for K| < k < K, 2, = 1 —T. Now suppose ;. > zj are in this
range; since ¢'(1) = 0, the second order expansion of Ag, around x = 1 gives

Agi = glzs) — glwn) ~ g<1>+g"(”<1—xk+l>2] - [g<1>+g"(”<1—xk>2 _

2 2
7
1
_ _92“ 2 — 2ps1 — 24) Az~ —g" (1) - T - Ay

where the first ~ refers to a second-order approximation. Denote ¢, = fk’_ﬁ and G =

—g"(1) > 0. Plugging this into (8) and

Agk _thkN<1—T)

AN = = T R aT

-t 9)

Hence,

D Az <ocos= D t <00
k k

A formal argument of the necessity of (7) could be made from the heuristic one
above. An argument for sufficiency is somewhat more delicate but is similar to the ar-
gument given in H, which proves a very similar result in a more general setting.?

Appendix ] also contains an alternative proof that (p, ) is an equilibrium of £. This
is a “direct” construction of the equilibrium which does not use Proposition 1.

4 Market for Lemons

We now briefly consider a further simplification of insurance markets to the classic case
oflemons markets, as in Akerlof [1970], Einav et al. [2010a], where individuals make a bi-
nary choice. Our goal is chiefly to illustrate the possibility of equilibrium non-existence
when cost is unbounded, even in these very simple settings.

We maintain the insurance framework described in Section 3, in particular Assump-
tion 1. We further assume that individuals make a binary choice, captured by the prod-

Z5The difference is the following: The proof Lemma 17 begins by fixing types 6", ' and denoting p”’ :=
w0 >y = p(@), 2" =o' > =o() >1-0,and v = vs(0"),v := vs(0'), these last terms
being defined in Section 5.1; for our simpler model, v/ = v(¢'),v” = v(6”). Equation (27) in that proof
gives an inequality relating the differences Az, Ap between the contracts purchased between these two
types and the difference in prices, using 1/, 1", v’ but not v”’. In our case, this inequality becomes equality,
and - more importantly - with v in place of v/, which gives (when " > ') a tighter bound.



uct space consisting of a single non-zero product, so X = {0,z} for some z > 0. For
simplicity, we assume that the insurance value v = v(+) is constant in this case, and as-
sume 4 distributes with positive PDF on some interval (4, co). Note that the utility from
purchasing non-zero coverage at price p for an agent of riskiness 1 is 7 + g(z)v — p.?

4.1 Existence

AG show that an equilibrium exists in lemons markets, assuming risk ¢ is bounded. We
extend this discussion to certain unbounded cases. Suppose an equilibrium exists. The
equilibrium must prescribe p(0) = 0 and p(z) equals the average cost of buyers. Hence-
forth, let p = p(z) denote the price of the non-zero alternation. If z - u + g(z)v > 7 - E[u],
then charging price p = 7 - E[u] and having all agents purchase is an equilibrium. Oth-
erwise, for p = p(7), let the marginal type be p* defined by zp* + ¢g(Z)v = p. Equilibrium
must occur at a price p where

p=Elzp|p=pr.

If types are bounded, such a price p always exists. (The existence of such a p is necessary
also for the existence of a pure-strategies Nash equilibrium, e.g. in the RS model in
which firms set contracts and consumers respond.) Hence we can state:

Proposition 5. If ;. distributes with positive PDF on some interval (11, o) ..

Ep|lp>M—M — 0 (10)

M—o0

then an equilibrium exists for anyz € (0,1] and any v > 0. In particular, (10) holds if
distributes with PDF ¢ and CDF ® s.t.

i, OM) = lim — = =

Proof. The condition p = E[z - | p > p*] is equivalent to

pt +g(@)y =7E[u | p > p* =7p" +7(17).

That is, we define @V = ((p*) where ((u*) = 0 is a continuous function. Either there
¥ —00

exists such a point, or ((p) < 9%, in which case, as remarked above, p = T - E[y] is an

z

equilibrium in which all types purchase coverage.

26We do not consider in this article existence when the space of alternatives is a fixed finite subset of
[0, 1]. That analysis is outside the scope of this article and left for future research.



For the second part,*” let P(-) denote probability. Then,

E[M!MZM]—M:E[N—M\M_MZO]:E[(“_MW _ Lo P((p = M)* > x)dx

P> M) P(p> M)
S P((p—M)" > z)de [y P(p>z)de _ [y(1— ®(x))de
P(p> M) P(u> M) (M)

where Y = max[Y, 0]. Hence, by LU'Hospital’s law, since ¢ = ¢,

Jim Elp|p=M] =M= lim S = @@))dz _ o, 1 - (M)
—00

T a0 e e

]

For example, suppose p distributes with a half-Gaussian distribution. That s, x ~ | M |
for i ~ N(0,1). Let  denote the CDF of N(0,1) and ¢(x) = \/g ¢~2*" the PDF of 1 in R,..

: _ ’ . ) . 1-d(M) _ 1. —p(M) __
Notice that ¢/(x) = (~z) - ¢(x), so by LHopital’s law, limys o 500 = limye o0l =

4.2 Non-existence

If 11 is unbounded, it is possible that an equilibrium does not exist. This will occur if
every price is lower than the average cost of those who would purchase at that price, so
firms are unable to break even at any price. We now provide two simple examples.

Suppose that ; has an exponential distribution with parameter 1, so that E[u] = A
and E[u | p > p*] = p* + . The condition for non-existence of equilibrium p < E[zu |
w > p*] is equivalent to

g9(%)

Wt g(@y<z(p + M) e v <A

Therefore, if average cost () is large and risk aversion (v) is low, equilibrium does not
exist.

Suppose now that x has a Pareto distribution?® with parameters p, and A > 1. That
is, p1 is concentrated on (p, oo) with PDF f(u) = Augu~>~!. The conditional mean is
Elp | p > p*] = 5254 for any p* > p. In this case, equilibrium does not exist if

A x 1
T+ g(T)r < a:ﬁu* & g(j >V <371

Again, if risk aversion is sufficiently low, equilibrium will not exist.

27The authors are grateful to Ilan Nehama for pointing out this argument.
?’That is, a distribution with CDF given by () = 1 — (£2)* for i > puo.



5 Generalization & Variations

In this section, we generalize several of the results presented above.

5.1 General Insurance Setup

We now describe a more general insurance setting, where we relax Assumptions 1 and
2 and 3. We maintain the notation u = p (0) = E [Z,], and the assumption that a alter-
native = covers a share « of the individual’s cost. Therefore, cost is ¢ (z,0) = xu. Unless
otherwise specified, we take the alternative space to be either X = [0,1] or X = [0, 1).
We require the utility functions uy to be defined for all alternatives [0, 1] (and all prices
inR,).

We emphasize that, in this section, we do assume that the most generous contract is
full insurance (unlike in Section 3).

We now list several assumptions, which will replace Assumptions 1 and 2. Not all
of these assumptions are used simultaneously in the results below. We will be explicit
about which are necessary for each of the results.

Assumption 4. Utility is quasilinear in price: ug(x,p) = xug+go(x)—p, with gy : [0,1] - R

smooth, strictly increasing and concave (% >0, 2% < 0in(0,1)), with gj(1) = 0.

) 8272
Assumption 4 generalizes Assumption 1, where it was required that gy () = g (z) vp.
The more demanding aspect of Assumption 4 is quasi-linearity of utility. Notice that
Assumption 4 guarantees the condition on utilities required by Proposition 8.
The marginal willingness to pay for additional insurance is

ou ,
wy(r) = 87;(%,29) = pig + gp(x) > i

with equality if and only if z = 1. By quasi-linearity, wy is independent of price.

Notice that —2% (z) = — %2;;’ (x) > 0 is the curvature of indifference curves in (z, p)-

space for type 6. We will denote, for a given 6 > 0,

vs(0) = max{—agj:(x) |z e[l—9,1]} (11)
. Owy
vs(0) = I’Illn{—%(%) |z e[l—9,1]} (12)

The quantity 7s(0) is the highest level of curvature, in (x, p)-space, that type 6 exhibits
among contracts with generosity greater than 1 — ¢. Similarly, v5(0) captures the lowest
such curvature.”

2Por instance, in the CARA-Gaussian framework of Example 1, 75(0) = v5(0) = v is independent of 4.



The following assumption constrains the joint distribution of x and v.

Assumption 5. For each y, there is ao > 0 such that v5 can be bounded as a function of
w. Formally, for eachii s.t. P(u <) > 0, thereisp = ps(;1) s.t. P(75(0) <p | p <pf) =1

WLOG, we can take p5(-) increasing and right-continuous.*® This assumption, while
allowing for unbounded p, does not allow the distribution of (y, v) to be, for instance,
bivariate Gaussian or lognormal, although these distributions can be approximated ar-
bitrarily closely.

The following assumption relaxes Assumption 2.

Assumption 6. wy, > wy, iff 1(62) > p(61).

If Assumption 6 holds, all types with the same riskiness have the same utility func-
tion, so we may view v, as a function of y, defined on the support of P,. That is, types
are effectively one-dimensional. Notice that assumption 6 implies Assumption 5.

Recall 4 = min(supp(P,)). If (a,b) is a maximal open interval not intersecting the
support of P,,*! we interpret vs(11) = v5(a) in (a,b). That is, we complete the function v;
from the domain supp(P,) to [, co) such that

Za(/l) = V6<maX{C € SUPP(PM) ’ ¢ < M})

5.2 Equilibrium Properties in Insurance Markets

We now show that the insurance market equilibrium properties of Proposition 6 hold
more generally than previously stated. The result does not require Assumptions 5, nor
Assumption 4, using instead a generalization (Assumption 7), described below.

Assumption 7. Utilityisu : © x [0, 1] x R is continuous, uy(-, -) is twice differentiable for
all® € © and the second derivates are continuous in (0, x, p), with aa% > 0, ‘98%" <0, and

0 0
wo(a,p) = =5 2 (@.9)/ % V)

satisfies wy > 1o with equality iff v = 1, 2% < 0in (0,1).

Note that, now, wy depends on both coverage and price.
We will need the following technical assumption:

Assumption 8. For every ;" > p, the set {0 | u(0) < p*} is compact in ©.

391f p5(-) is not monotonic, it can just be replaced with its ‘monotonic closure’, © — supy<, <, p5(y). If
it is not right-continuous, it can be replaced with 2 — lim,_, .+ p5(y). Both of these operations preserve
linear growth, which is what we require in Proposition 7.

31That is, there are no types with riskiness p in (a,b), but a,b € supp (P,,).



That is, for each upper bound on cost, only a compact set of types have cost below
this bound. Like Assumption 6, Assumption 8 rules out e.g. log-normal distributions.
We know of no case of interest in which the former assumption holds and the latter does
not, so Assumption 8 is with a small additional loss of generality.

The following result generalized Theorem 2 and thereby generalizes the treatment of
RS in AG.

Proposition 6. Suppose that Assumptions 7, 6, and 8 hold. Any equilibrium (p, «) of the
bounded or unbounded insurance economy £ = [0, X, P|, satisfies the following proper-
ties:

1. Price p(x) is continuous and strictly increasing on the domain on which it is non-
zero. (Lemma 3)

2. There is a continuous mapping o : supp(P,) — [0,1], strictly increasing on the
domain in which it is non-zero, that assigns to each type p her chosen contract.
Formally, Oz{(p, x)|x= J(,u)} = 1.% (Lemma 11)

3. Contracts are actuarily fair. Formally, P — a.s., p(o(p)) = p - o(p). (Lemma 10)
4. Full insurance is in the support of the equilibrium.* (Corollary 13.)

5. Letazy < 1. If L > wyin {z < xz,} for a.e. § which chooses coverage up to z,
(i.e., a(- | = < xg) — a.s.) then p(-) is L-Lipshitz in [0, z].>* Formally, L = ess —

sup{mazep) (W, | o(p) < x) %

6. Let x € (0,1] and p(z) > 0. Let n(u, ) be the price at which type p is indifferent
between his purchased contract (o(u), p(o(p)) and (z,n(x, z)). Then, for every y >
x for which ax ((z,y]) > 0,

p(z) = ess — sup{n(p,z) | z < o(p) < y} (13)

That is, price is an envelope of indifference curves, and in fact one can take just
those indifference curves of types who buy the 'next alternatives above it’.*

32Under Assumptions 1, 2, and 3, we show that 2 = 0 is never chosen in equilibrium (see Sections 3.5
and 3.6). However, we have not been able to show this in more general settings. Therefore, we only assert
that o is strictly increasing on supp(P,)\o~*({0}).

3The support of a positive measure is the smallest closed non-null set. Therefore, we mean that every
neighborhood of z = 1 has strictly positive measure under «.

341f © is compact, this implies that the price function is Lipshitz.

35Recall that the essential supremum (“ess — sup”) of a random variable X with distribution P is the
supremum over all z € Rs.t. P(X > z) > 0; intuitively, this is the 'supremum up to measure zero’.

In particular, if 4; < uo are atoms of P, but there are a-a.s. no types with riskiness between 1, po,
then type p» is indifferent between (o (u2), p(o(p2)) and the alternative “just below”, (o(u1), p(o(u1)). This
follows by taking «© = o(u1), y = o(ue) in the first part.



Proposition 1, Part (6)
a(p)=y, o(w)=y, o(u’)=y"

1T

= Price of contracts purchased
Price of contracts not purchased

) m————— — = — — — — = — — — — — — .
pY)yrm ——————— = — = = = — = — — —

XN — - — — — — — — — —

Figure 5: Suppose a alternative z* is not purchased in equilibrium. Consider a sequence
of types u, 1/, 1’ ... who purchase coverages y, v/, y”..., respectively, which converge to the
infimum of purchased alternatives strictly above z*. Consider the indifference curves of
these types. The price at z* is the supremum of the indifference curves of these types at
x*. A similar figure holds when z* is in the support of the equilibrium but no alternative
in a right neighborhood of z* is purchased (e.g., when ay is purely atomic).

7. If in addition Assumption 3 holds, then 0 is a-a.s. never puchased, and in particu-
lar o : supp(P,) — [0, 1] is strictly increasing.

Proof. See Appendix G. O

Proposition 6 shows that several features of competitive insurance markets, derived by
RS and AG, remain true in unbounded settings (if an equilibrium exists). The allocation
x = o (p) is increasing in risk yp, each contract breaks even, and incentive compatibil-
ity constraints bind “downward.” Notice that the equilibrium price p (z) is the upper
envelope of the indifference curves, which is illustrated in Figure 5.

5.3 Unbounded Price in Insurance Markets

We now show that, more generally in insurance markets with unbounded cost, price is
unbounded. The proof uses Assumptions 4 and 5. However, the result does not require
X = [0,1] or X = [0,1), instead requiring only that X C [0,1) be Borel*’ such that

37We require this to be able to define a Borel measure on X. As the example of Section 3.4 hints, a count-
able discrete set is often appropriate. An obvious initial objection to a non-compact space of contracts
is that agents may not have a best contract, even when prices are continuous. However, when utilities
extend continuously to [0, 1] x R, and lim,_,; p(z) = oo, agents do attain their maximal utility contract.



full insurance is a limit point of X.*®. Moreover, the proof does not require that v is
a function of i (Assumption 6) and therefore applies to settings where types are truly
multi-dimensional. Let X'\ {1} be the closure of X\{1}.

Theorem 3. Suppose that Assumptions 4 and 5 hold, and that P, is not compactly sup-
ported. Then, in any equilibrium,

lim p (z) = 0o

z—1
In particular, 1 ¢ X, i.e., full insurance is not a possible contract.

Proof. First, we use Assumption 1 to establish bounds on the slope of p (z) in equilib-
rium. Then, we show that full insurance cannot be an atom of an equilibrium (unless
x = 1 is bought by a single type). Then, we show that smaller and smaller neighbor-
hoods of full insurance attract arbitrarily large risks. Finally, we use this to show that the
price cannot be bounded in equilibrium. For details, see Appendix B. O

The use of Assumption 5 should not be seen as imposing significant restrictions
on the result’s implications (even though Assumption 5 excludes common distribution
such as bivariate Gaussian or lognormal distributions). First, it is not clear if this as-
sumption is needed, as we have we have not found any example of a distribution with
unbounded costs but with an equilibrium having bounded prices. Second, any distribu-
tion is arbitrarily well approximated by a distribution satisfying Assumption 5. Suppose,
for instance, that the distribution of types f*(#), for which 5 did not hold, resulted in a
bounded equilibrium price p*(-). Approximating f*(#) arbitrarily closely with a distri-
bution f(6) for which 5 holds, would result in some unbounded equilibrium prices p(.)
which would be arbitrarily different from p*(-). Therefore, the result should be under-
stood to say that no economy satisfying Assumption 4 and P, is not compactly sup-
ported, can possess an equilibrium with bounded prices which is robust in any reason-
able sense.

Figure 6 illustrates graphically one of the steps of the proof of Theorem 3. If . is un-
bounded, full insurance cannot be an atom, purchased by multiple types, of the equi-
librium (Lemma 4) even thought = = 1 must be in the support of the equilibrium (this
follows from full insurance being a limit point of X and the unbounded willingness to
purchase insurance). At full insurance, g, (1) = 0, so indifference curves are (approxi-
mately) straight lines with slope determined by . If multiple types bought full insur-
ance, then there would be some type p* which is the cheapest (lowest 1) buyer of z = 1.
Necessarily, ©* < p(1). However, since x = 1 is a limit point of X, there is some type

38].e., there is a sequence (z,,) in X with z,, — 1 but Vn, z,, < 1. We require that = = 1 is a limit point of
X in order to prove that full insurance is not an atom of the equilibrium, in Proposition 3.



purchasing a slightly lower alternative (z, p (x)) who has riskiness i > @ > p*. This
type i would then prefer to purchase coverage greater than z. Therefore, this cannot be
an equilibrium. A slightly technical argument but with a similar geometric flavor then
shows that price could not be bounded.

Contradiction to Atom at Full Insurance:
(p*,1) Should Be Above Red Dashed Line

11

Price
oo
T

0.6 0.7 0.8 0.9 1.0

Insurance Level

Riskiness of Least Risky Full a Insurance Purchaser =u*<p*
----- Riskiness of Agent Purchasing (p(x),x) 2 p)((—")> U

Figure 6: Proof of Lemma 4.

5.4 Non-Existence in Insurance Markets

In Section 3 we mentioned that the condition (4) required for existence of equilibrium
there would not hold, for instance, if v < Cu®* + D with o« < 1. Theorem 3 describes a
more general class of economies where equilibrium cannot be bounded, and we now
show that under these more general conditions, such a bound will imply non-existence
of equilibrium. The result requires only Assumption 4 and 5, so types are allowed to be
“truly” multidimensional.

Proposition 7. Under Assumption 4 and 5, if P, is not compactly supported, and for some
0,C, D >0 P-a.s.,v5(8) < Cu(0) + D, there exists no AG equilibrium.

Proof. We give here a heuristic argument under the simple setup of Assumption 1, if
equilibrium p is continuously differentiable, X = [0, 1), and the equilibrium distribu-
tion, marginal on the alternatives [0, 1], has full support at least in a neighborhood (9, 1].



The first-order condition of utility maximization of a type # purchasing insurance
in (0,1) is p/(x) = ug + ¢'(v)vp. In particular, the break-even condition p(z) = E,[c |
x],  — a.e. x suggests for any such z, there is a type ¢ purchasing = such that p(z) > xu,.
Hence,

Y @) <o+ g @ < 2 1 g (02 4 )

—(1+ 0¢@)™ 4 (21D < A-pla) + B

where A = (1 + supsq; 9'(7)), B = Dsupy ) ¢'(z). This will imply, for z > 4,

! —Ax —Ax — B —Ax _
(™ p(x)) < e B — e p(a) < eTMp(6) — e — e

Therefore p (z) is bounded, which results in a contradiction to Theorem 3: no AG equi-
librium exists. For a full proof, see Appendix C. O

In the framework of Section 3.1, Proposition 7 applies if, for some C, D > 0, P-a.s.
it holds that vy < Cuy + D. That is, if vy is bounded by a linear function of py. This
includes the case of consumers homogeneous in risk aversion (as in RS) but also applies
in settings where types are truly multidimensional.

5.5 Existence in Insurance Markets

We now generalize the existence results for insurance markets of Sections 3.5 and 3.6.
The result uses Assumptions 4 and 6 and therefore requires that types be effectively one-
dimensional.

Theorem 4. Suppose that Assumptions 4 and 6 hold. Denote X = [0,1). Suppose that for
somed > 0,

/OO L < (14)
w vs(p)

Then the unbounded economy £ possesses an AG equilibrium.
Proof. See Appendix H. O

When P, is purely atomic, supported on p; < po < pz < ---, (14) should be written
as -
Z Hnt+1 — Hn

dp < o0



5.6 Existence When the Limit Equilibrium is Not Know

As mentioned, a limitation of Proposition 1 is that it requires knowledge of the equilib-
rium of the limit economy, (p, «), which is often not available. Proposition 8 is a useful
variant which does not require such knowledge, but requires stronger assumptions.

Proposition 8. Assume that for every two alternatives z,y € X, pricep > 0, and type
0 € ©, there is price q high enough s.t. u(0,z,p) > u(0,y,q). For eachn, let (p",a™) be an
equilibrium of £" such that:

e The collection (p™)°2, is point-wise bounded and equicontinuous in X .*

e Forevery M € R, there is a compact subset K of X, s.t. inf,¢x p"(x) > M for alln
large enough.

e Condition (*) of Proposition 1.

Then there exists an equilibrium (p, o) of the unbounded economy &, which is a limit of a
subsequence of the equilibria (p", ™), in the sense of Proposition 1.

n=1
Proof. See Appendix E2. O

We use Proposition 8 in Section 5.1 to derive existence results in insurance markets
which are more general than those considered in Section 3. Note that the first condition
required in Proposition 8 (one option is preferred over another if the latter’s price is high
enough) holds when utility is quasi-linear in price, as in Section 3.

6 Conclusion

The analysis of insurance markets in RS and AG is sensitive to assumptions on the
bounds of the cost distribution, which can significantly reduce the predictive power of
such models. We show that, when assumptions on these bounds are fully relaxed, AG
equilibria need not exist. However, we also provide sufficient conditions for equilibrium
to exists when costs are unbounded.

We apply our results to insurance markets. In a simplified setting, we derive new
properties of equilibrium that generalize AG and RS. We then present a condition which
is necessary and sufficient for the existence of a unique equilibrium in these markets. In
particular, we are able to derive a characterization of equilibrium for insurance markets
with an unbounded continuum of types which is particularly tractable and based on a

39A collection of real-valued functions F on a metric space (X, d) is point-wise bounded if Vz € X,
sup;c x| f(7)| < oo, and F is equicontinuous if for each ¢ > 0 and each » € X, there is § > 0 such that if
y € X with d(z,y) < §, then |f(y) — f(x)| < eforall f € F.



simple differential equation. We also show that, when it exists, the equilibrium features
unbounded price at full insurance.

Our characterizations of equilibrium for simple insurance markets required a num-
ber of assumptions on utilities, contracts, and the distribution of types. In particular,
several of our results require that types effectively be one-dimensional. Relaxing these
assumptions would be an interest avenue for future research.

Moreover, we consider only the AG equilibrium concept, since it exists in a wide
range of screening markets. It would be interesting to replicate the exercise in this paper
to other equilibrium concepts, such as those of Miyazaki [1977], Wilson [1977], Spence
[1978].%°

We also do not consider in this article existence of equilibrium when the space of
alternatives is a fixed finite subset of [0, 1]. This analysis is outside the scope of this
article and also left for future research.

40Gemmo et al. [2018] shows existence of the MWS equilibrium for continuous type distributions.
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A Comparisons of Utilities

Assumption 4 implies Lemma 1 below, which is later used to obtain upper and lower
bounds on the slopes of the price in equilibrium.

Lemma 1. Under Assumption 4, in any equilibrium (p, «), if 1 > x9 > 2y > § > 0, then
for a given typef € O:

— r1+ax
wp(pa, ) > ug(py,11) = L2 L1 < iy + 75(0) - (1 — L1 12) (15)
To — X1 2
and
— 1 +a
to(pa, w2) < wo(pryr) = T2k > g+ ws(6) - (L - 2 (16)
2 7 41

Proof. By Assumption 4, ug(x,p) = ge(z) — p and wy(1) = pg + %h:l = lig, SO

0o

192
%(s) = lp — 9 1

s 821‘ ’

Now, forany 0 < z; < 25 < 1,

3299
0%z

T2 a X9 1
ug(T2,p2) — ug(T1,p1) = P1 — P2 +/ %dﬂﬁ = p1 — p2 + po(x2 — 1) +/ / (— )dz.
1 1 S

Denote

Ty + Xo
2

z2 ol 1 1
A(xy,29) = /CC1 /8 ldr = 5(1 — 1) — 5(1 —19)? = (29 — 11)(1 — ).
If2y > a1 >0, v5(0) - Az, 22) < ;7 f;(—%)dm <7s(0) - A(x1,22), and hence

p1 — P2+ po(22 — 21) + A2, 22) - v5(0) < up(w2,p2) — up(w1, p1) <
<p1 — p2 + po(r2 — 11) + A1, 72) - U5(0)

Dividing by =, — x; gives the lemma. O

B Unbounded Price

In this section prove Theorem 3: when p is unbounded, any AG equilibrium has p ()
unbounded. The result requires Assumptions 4 and 5. However, it does not require
Assumption 2 or its weaker analogue, Assumption 6.



Throughout this section, fix 6 > 0 for which Assumption 5 holds. Suppose that (p, @)
constitute an AG-equilibrium. We denote the marginal distribution of oo on © by P, and
denote the marginal of « on X by ax. Consider any x € supp(ax).

We now define analogues of the maximum and minimum risk z which purchases
each alternative z, which will also be of use in later sections. To eliminate the influence
of zero-measure types p purchasing x, we use a variation of the essential supremum and
infimum, defined for x € supp(ax) as*!

V¥ (z) = lim | sup {u | a({0 | po > u} x (x—6,2+0)) > OH (17)
Y (x) = 513& {inf {u | a({& | po < p} x (x — (5,95—1—5)) > OH (18)

Intuitively, /" (x) captures the largest value of ; which purchases x under «, and ¢~ (z)
as the lowest such value of .

Note that either of these quantities can, a priori, be infinite. Moreover, note that for
each A C supp(ax),

sup {u | a({0 | o > u} x A) >0} < SUE¢+(A) (19)
inf {ju| a({6 ] 1o < 1} x A) >0} > inf 4~ (4) (20

Therefore, by comparing the left-hand terms of the following expressions to the left-
hand terms of the previous expressions for shrinking neighborhoods A around «,

IA

limsup, ¥ (y) < ¢*(x) 21)
liminfy_.~(y) 2 ¥ (2) (22)

where the limits are taken along supp(ax). These hold with equality when z is not an
atom of supp(ax): If x € supp(ay), then for each p < ¢*(z) and § > 0, 04({9 | po >
pw—elx(x—o,x+ 5)) > 0. If z is not an atom of ax, then for some y € (x — 6§,z + §)\{z},
¥t (y) > pby (19), and this was for any § > 0 and any p < " (z).

The remainder of this section proves Theorem 3 in five steps.

410bserve that, if o’ is the marginal of o on the variables (y, z) -i.e., o/ = Po(u,id)"! -andz — /(- | x)
is a decomposition of o/ conditional on z, then for a-a.e. z € X, ¥*(z) is a supremum of the support of
o/(- | ). Similarly, v~ (z) is an infimum of this support. The limits exist as the terms they are taken over
are monotonic.



B.1 Priceis Lipschitz in Weak Equilibrium

Our first auxiliary results establishes bounds on prices in a weak equilibrium. (We de-
fined “weak equilibrium” in Section 2.2).

Lemma 2. Assume (p,«) is a weak equilibrium s.t. p is continuous on supp (ax).** Let
0<1—46 <z <z betwo points in supp (ax). Then,

p(xl) < 1/}+(5B1) Sp(l’z)—p(ﬂtl)
< W)+ (- D) < B o - T 000

In particular, )" (x) must be finite for each x € supp(ay) withx < 1.

Proof. The break-even condition (p(z) = E,[c | z]|,a — a.e. x) requires that for ax-a.e.
x > 0in supp (ax), v~ (x) < @ < ¢ (x). This, together with the monotonicity of 75,
implies the first and last inequalities. To show the third inequality, notice that for each
xy € [0, 1], utility maximization implies

a({u(@,p(x), ) = u(0, p(z1),21)}) =1

In particular, by the definition of v/ ~, there is a sequence y,, — 5 in supp(ax) and types
(6,) with p(6,) — ¢~ (z2) (f 25 is an atom of ay, take y, = z,), such that for all n,
W(On, D(Yn), yn) > u(B,,p1,21). Recall that p5(-) is monotonically increasing and right-
continuous. Hence also (75(6,,)) satisfies lim sup,,_, . 75(0,) < p5(¢)~ (x2)). An application
of Lemma 1, the fact that liminf, ., (y) = ¢~ (x2) if 2, is not an atom of ax, the right-
continuity of 75 and the continuity of p on supp(ax) completes the proof. The second
inequality follows similarly, by using the fact that that v5(6,,) > 0. O]

B.2 Priceis Locally Lipschitz in Equilibrium

The second auxiliary result shows the outer-most bounds hold for equilibria everywhere
(not just on the support of ax).

Lemma 3. Assume (p, «) is an equilibrium. If0 < 1 —§ < 21 < zy withp(zy) > 0 (x1, 79
are not necessarily in the support of ax), then

pE:ll) < p@;i :igﬁ) < pgi?) (1 T 42- T2 75 <p(x$22)>

421n particular, this is true if supp (ax) is finite.



In particular, p is non-decreasing.

Proof. If p(x,) = 0, the first inequality is trivial, so assume p(z;) > 0. Since p (-) is part
of an equilibrium, there are finite subsets X" C X, prices p" : X' — R, and associated
distributions o™ on (BUX") x X" as described in Section 2.2 which witness that (p, o) is
an equilibrium. Let y* — z;, and 2" — 2, with ”, 2" € X". Since each (p,, ) is a weak
equilibrium whose projection to X is finitely supported, it follows from Lemma 2 that,
at each n,

Pu(Yn) _ Pa(zn) = P(yn) _ Pulza) (1 Yt Zn) 5 (p(zn)>
Yn Zn — Yn Zn, 2 Zn,

Taking n — oo, and recalling that py is monotonically increasing and right-continuous,

completes the proof. O

B.3 Full insurance is not a Heterogeneous Atom

We now show that full insurance (z = 1) cannot be an atom of oy purchased by multiple
types if i is not essentially bounded w.r.t. P. L.e., it is not possible to ’stuff all the highest
types’ there. Of course, this proposition is only relevant when 1 € X.

Lemma 4. Ifz = 1 is an atom of ax, it must be that o(- | {x = 1}) is concentrated on one
riskiness, i.e., there mustbei € R, s.t. o(u(0) =p |z =1)=1.

Proof. Suppose, by way of contradiction, that x = 1 is an atom of ax but not concen-
trated on a single riskiness. Then, the break-even condition (1) requires that there are
some types buying = = 1 who are less risky than the average buyers of that contract, with
p (1) being determine by the these average buyers. Define ;* = ¢~ (1) and p* := p(1);
then p* < E,[p | 2 = 1] = p(1) = p~.

Lemma 2 implies that, forany z > 1 — 9,

o) V2P ey L),

In turn, this implies

pr > pla) 2 pt = (- 1) — a5 (1~ )

It then follows that

17 * * *
oAW1 =) 2 p* —p”.

However, this last condition cannot hold for x close enough to 1 since p* > ;*, a contra-
diction. O



The proof of Lemma 4 is illustrated graphically in Figure 6.
It follows then that:

Lemma5. sup,_, " (z) = oo, that is, types with arbitrarily large cost ;. purchase less than
full insurance.

Proof. Since full insurance cannot be an atom with unbounded support of riskiness of
«, the projection of a(- | [0,1)) to riskiness ;. cannot be compactly supported. Hence,
the lemma follows from applying (19) with A = X\{1}. N

B.4 Priceis unbounded
We now prove Theorem 3.

Proof. Suppose not. Denote p* = lim,_,; p(z) < co. Fixsome 0 < 0§ < § < 1. Recall that
p* = p(1). Then, from Lemma 3 and the facts that p and 55 are non-decreasing, for all
1—5§JZ1 <CL’21HX,

p(x2) — p(z1) < p(z2)
To — T - T2 T2 ) 1-96

() <

while forz; <1-4in X,

Y (zy) < lim plz2) = p(a1) _ —p(z1)

*
<P
zo—1- Xy — T 1—a )

Hence, sup, ., ¢ (z) < max[M, &, contradicting Lemma 5. O

C Non-Existence

We now prove Proposition 7: equilibrium does not exist for insurance markets with un-
bounded cost, if 7;() is bounded by a linear function of ;. Fix § > 0 for which Assump-
tion 5 holds.

Proof. Let C, D be such that v5(0) < Cu(#) + D P-a.s.. Let x,, — 1 strictly monotonically
in X. WLOG, z; > 1 — 4. Denote B = max[*}¢, D] and p, = p(z,). Then, p5(2+1) <
Ciz—i + D, so by Lemma 3,

Drir ZPn o Pt g g ype(Pntty < Potl y oPntl 4 < Bpaay + 1)

Tp+1 — Tn Tn+1 Tn+1 Tn+1 Tn+1

Denote ¢, = p, + 1 and 6,, = B(x,41 — x,); w.l.o.g. 6, < 1 for all n, and hence



1
1-9,

an

1 -4,

g1 < = ¢ <q- ][]

i<n
by induction. Then, 3°6, = 3" B(2y41 — 2,) = B(1 — z;) < co which implies [],.., =5 <
oo. This, together with the monotonicity of p, shows that

PP = g n < o0

which contradicts Proposition 7. O

D Simple Insurance: Continuous Types

This section proves the results for simple insurance markets with a continuum of types
(Section 3.5). We will make use of Assumptions 1, 2, and 3 throughout, which in partic-
ular guarantee by Theorem 2 a coverage function o from riskiness to coverage satisfying
the assumptions given there. Under the latter assumption, since the riskiness i entirely
determines the type, we will write w,, instead of wy when ;1 = ;(¢). We will use a similar
convention for u,. Recall that ay denotes the marginal distribution of o on X.

D.1 Proposition 9

Proposition 9. Suppose P, conditional on some interval I = (u, i), has full support with
a.e. strictly positive density w.r.t. the Lebesgue measure, and (p, o) is an equilibrium with
associated coverage function o (;1). Suppose o(p) > 0 (i.e., a.e. type with riskiness in I
purchases positive coverage). Then, denoting J = (o(u),o(f)) and letting ; be the pro-
jection of « to alternatives and conditional on J, o is equivalent to the Lebesgue measure
on J, i.e., a; and the Lebesgue measure on J are absolutely continuous w.r.t. each other.
In other words, oy and the Lebesgue measure on J have the same null sets or, equivalently,
«y has Lebesgue-a.e. positive density.

Proof. Note that o : I — J is a strictly increasing bijection (and in particular, continu-
ous), and oy = P,(- | J) o o~'. Hence, it suffices to show that bothcand r =o' : J — I
are locally Lipschitz in the interior of 7, J respectively. By Theorem 2, p is L-Lipschitz in
J for some L > 0. Now,

plo(p) =p-o(p), Py —a.s

Since ¢ is continuous and P, has full support in /, this implies

plo(p) =p-o(p), Vuel



and hence

7(x) :pf), Ve e J

Since p is Lipschitz in J and o(p) > 0, 7 is Lipschitz. Observe that for fixed z, the
mapping w,(z) = 7(z) + ¢'(2) - v(7(x)) is well-defined «; a.e.. Note that supp(a ;) = J,
as o is continuous. So, for «; a.e. every r; € J and every z; € J,

p(z2) — p(x1) /"”2
_ > W (WL dx
To — T - x1 ( 1)< )

and hence p/(z) > w,(,) Lebesgue a.e.. Therefore, Lebesgue-a.s.,

Pa2) = Sl () - PO >

: D) > (o) — ()] = 9/ (0) - w(r(2)) > g'(2) - ()

SN

Hence, in each sub-interval of J which is bounded away from full insurance, 7/ > 0 is
bounded away from 0 and hence ¢ = 7! is locally Lipschitz in the interior of 7(J). O

D.2 Proposition 10
We now prove the necessary condition for equilibrium with continuous types.

Proposition 10. If P, conditional on some interval I = (p, i), has full support with a.e.
strictly positive density w.r.t. the Lebesgue measure, and (p,«) is an equilibrium with
associated coverage function o with o(p) > 0, then

/“ L= /;(“)9 f)daz (23)

w V() ()

Proof. Let (p, a) be an equilibrium, with associate o : I — [0, 1] as above. Denoting J =
[0(p), o(f)], we know from Proposition 9 that o is equivalent to the Lebesgue measure.
Given the differentiability of the price function Lebesgue a.s. in J (equivalently, a;-a.s.),
utility maximization implies

0 auT(I) 8u7(x) ’

il _ — - —= . = €. 24

5 (@ P(2))) | a=o) = 0 & —5 = (2, p(2)) + I (z,p(x)) - p'(x) =0, aex e J (24)
where 7(z) = @ = o~ !(z). Explicitly: For this to hold at some = we need two condi-
tions: p to be differentiable at , and for the type with riskiness ; = o¢~!(z) to be a utility

maximizer. Both of these properties hold Lebesgue a.s. in J, equivalently, «;-a.s. Hence,

Yrta) (3 p(z x x
pl(w):_auaj(z)( 7p( )) :p( >+gl(:l:)l/(7), a.e.er

5 (z.p(z) 7 v




Denote 7 = o' on J. The equilibrium property of actuarily fairness (and continuity of
prices and 7) shows that

and hence ¢! is differentiable a.e. and
p()=7(x)+z-7(x),acx el
Rewriting (24) gives

(@) + g (x)v(r(x)) —p' (x) =0, a.e..x € J.

Summing these gives

or ) ) )
g'(x) _ ) —
- @) = @)

x v(T(z))
and hence, by change of variable (note that 7 is strictly increasing),

o ¢ () om 1 mol
Lo o= Ly sty @ = [, i

(2), a.e.x € J

as required. Note that we have made use of a change of variable formula for functions
which are differentiable a.e.., see e.g. Theorem 7.26 of Rudin [1987] (3rd Ed). O

D.3 Equilibrium with Bounded Risk
We now prove the equilibrium characterization when . is bounded (Corollary 2).

Proof. Follows immediately from Proposition 10, as one of the properties of equilibrium
of Proposition 6 under these assumptions is o(z) = 1. The right-hand side defines o
uniquely as ¢’ > 0 except possibly at 1. The last conclusion follows since ¢’'(0) > 0 so

g'(z)

mdx:oo. OJ

1
JO

D.4 Equilibrium with Unbounded Risk
We now characterize equilibrium when 1 is unbounded (Corollary 4).
Proof. We prove the last part first: WLOG, (f,,), is increasing. Define the function o

using (5). Sinceg’ > 0 in (0,1) and J @dm =00 > [ ﬁdu for all © > p, this is



well-defined, continuous, and its image is an interval. Let z,,;,, = ess — inf(c(u(0))),
= ess —inf(o™(u(9))).” Define 7 = o7 : [Zyin, 1) — R, p(z) = - 7(z) for
x € [o(u),1), and extend p in [0, Z,,,;,,) in the following way: For each z € [0, x,,;,), set

and z"

min

p(x) = max[0, ess — suppp(0, )]

where ¢(0, -) is the indifference curve of type 6 through his purchased contract (o (u, 0), p(a(u(9)),

i.e.,
6(0.2) = plolu(®) — [ wp(t)a

T

i.e., p(-) is the upper envelope of indifference curves. Finally, define for © C ©,

a0 €0,z (ab)=PlcO, ub) e (r(a), (b))

By (3), we obtain

S L
/N dp = / g(z) dzx.
no vp) on(n) T

Comparing with (5), it follows that ™ — ¢ point-wise, and in particular =z, — Zn,

min
and (z",,) is monotonically decreasing. Letting 7,, = o, : [¥in, 1), we have 7,, — 7
point-wise. Therefore, p™ — p point-wise on [z, 1], as p™(z) = « - 7"(x) on [z],,., 1]. Let
x' < T, for large enough n, x < 27, . Recall from Proposition 6,

p"(x) = max|0, ess — supyp™ (0, )]

where

L))

¢"(0,2) = p(o"(u(0) = [ wolt)at

xT

is the indifference curve of type 0 through his purchase contract under (p", 0™). Observe
thatn > k — @, > 1, — op < 0 — 7, > Tand ¢" > ¢F — p, > p, - intuitively,
the indifference curve of each type moves to the left, so prices go up. Hence p" — p
point-wise in [0, z,,;,,] as well, as (¢"(0, -)) is increasing with n.** Hence, we have p, — p
point-wise. Since n > k — p, > px, Dini’s theorem implies that the p, — p uniformly in
every compact subset of [0, 1).

Finally, for any continuous bounded f : [y, 00) x [0, 1] = oo,

n—oo

J Fnw)-da = [ F(u.o(u)dP, = lim [ f(p.0,(2)dP, = tim [ () -do,

#3The essential infimum is defined similar to the essential supremum.
“Lemma: Let (f,,) be asequence of bounded Borel functions on a measurable space, f; < fo < f3 < ---
which converge point-wise to f. Then ess — sup(f,) — ess — sup(f).



by the bounded convergence theorem, and hence «,, — o weakly.

We now prove the first point of Corollary 4. Existence now follows from the approx-
imation result Proposition 1. Uniqueness can we proved as follows. Given any equilib-
rium with associated choice function o, for each i > p, (23) holds. Take i — oo. Since
full coverage is in the support of the equilibrium and ¢ is increasing, lim,, .., o(p) = 1.
The last part of the proposition follows again as [, @dm = 00. O

D.5 Non-Existence with Unbounded Risk

We now show that the integrability condition is indeed necessary for equilibrium (Corol-
lary 3).

Proof. For the first part: We can find intervals I = [a,, b,] with a,,b, — oo for which
S ﬁdu — oo but since o(ay,),o(b,) — 1, f(f(g’:)) @dm — 0, which contradicts (23). For

the second part: Fixing p € u(0),

- L
/“ gy = / gz,
wo v() on(w) T

And hence ,
00 = /OO L dy' = lim by (x)dx
po V() n=oo Jon(y)
However, X ) -
g x / n /
Jug o SRS [ %2 = 000 s
For this to converge to oo, we must have " (1) — 0. O

E Simple Insurance: Discrete Types

This section proves some of the results for simple insurance markets with discrete types
(Section 3.6).

E.1 Characterization of ¢y (-)

For each k£ € Nand each coverage u € [0, 1], letv = ¢, (u) denote the unique coverage v <
u such that type 6.1 = (ux+1, ve+1) is indifferent between contracts (p, z) = (g1 - u, u)
and (p, x) = (u-v,v), where the second contract is actuarily fair for type 6,. Such unique
v exists as we, ,, (v) > 1 > i forall z € (0, 1).

We now show ¢, (+) is continuous, strictly increasing, and ¢, (u) < v and ¢y (u) = v if
and only ifu = 0.



Lemma6. 0 < ¢, < 1in(0,1). Therefore, ¢y, is strictly increasing (in particular, ¢;(u) =0
if and only if u = 0). Moreover, ¢, is non-expansive (i.e., 1-Lipschitz).

Proof. The definition of ¢, (-) requires that, for each > € (0, 1], type k + 1 is indifferent
between (11 - 2, 2) and(uy - ox(2), ox(z)). This implies

Prr1 - Ok(2) + 9(0r(2)) - Vi — pir - Or(2) = ptrg1 - 2+ 9(2) - Vi1 — pley1 - 2 = g(2) - vpy1 (25)

where v 11 = v(pgr1)-
Differentiation gives

Ge(2) [t — e + ' (D0(2)) - V1] = ¢'(2) - vt

We then obtain

’ _ 9'(2) Vi 9'(2) Vi o q'(2)
o) = e T )] e = P ) e ()

Since we assumed ¢ differentiable, then ¢, is differentiable and therefore continuous.
Since ¢ is concave, ¢’ is decreasing. Moreover, we have shown that ¢, (z) < z. Therefore,
¢ (¢r(2)) > ¢'(2), which implies ¢, < 1. O

By the strict monotonicity of the ¢, (-), for each given k, (x}})> , is a strictly decreasing
sequence in n and, since it is bounded below by 0, it converges to x;, € [0, 1) which is the
choice of type k in the limit economy £ in the equilibrium we will construct below.

E.2 Uniqueness & Positivity of Coverage

We now prove that, if equilibrium exists on a discrete unbounded type space, equilib-
rium is unique and all types purchase positive levels of coverage (Proposition 4).

Proof. Suppose an equilibrium in which type (u, vx) purchases coverage x, = o(u)
thenz; < 2, < --- By the equilibrium properties, o (ux) = o0 (1)), i-€., xp = dp(xpi1)-
Inductively, for any n > k

T = Or(Prsa(- - (Pn-1(wn))--+))
Lemma 6 shows that ¢, is non-expansive (i.e., 1-Lipschitz), so it follows that
2= lim Gu(Sural-- (9a(1) )

which defines z; uniquely (note that since each ¢, is monotonic, the expression the
limit is taken over is decreasing with £ but non-negative, so the limit exists).



To show that all types purchase positive coverage, it suffices to show z; > 0. By
Proposition 6, full insurance is in the support of the equilibrium distribution, and hence
for some N, xy > 0. But x; = ¢1(23) = -+ = ¢1(da(--- (¢n—1(xn))--+)), and for each
u > 0and each k € N, ¢, (u) > 0. Therefore, x; > 0. O

E.3 Convergence of p"” and "

Suppose, as in Section 3.6, that in the truncated economy with types {(u,vx)}, the
unique equilibrium is (p™, ™), where under the allocation o™ type (u, ) purchases
coverage z. Section 3.6 showed that the limit z; = lim,,_,,, 2} exists since (z}),> is
monotonically decreasing and z; > 0 for each k. We have given a heuristic argument
under the summability condition (7) for this but do not formally prove it, as it resembles
the argument in Section H.

Let (p, «) be the candidate equilibrium, as described in Section 3.6. We prove, in the
context of discrete types, that p” — p uniformly on compact subsets of [0, 1), and o — «

weakly.

Proof. Let f : [0,1] x R, be any continuous and bounded function. Let P, be the mass

of the n-th type, and Q} = T B 5 be the conditional mass in the n-th economy. The
j<n"J

conditional distributions on types converges in norm to the distribution on the infinite
type space. f is continuous, so for each k, f(z}') — f(zx). Hence, by the bounded con-
vergence theorem,

Lo Pl = > JG) - Qur X (o) P Ly P

and hence o — « weakly.

To show p" — p uniformly on compact subsets of [0, 1), it suffices to show that for
each interval of the form I}, = [z, xx11], p" — p uniformly in /. The (p") are uniformly
Lipschitz in I*, with Lipschitz constant L = i1+ Vk11-supy ; ¢/, @ 22, > 2441 Further-
more, since g7, (as the indifference curve of type £ + 1 through z} |) converges point-
wise to gx+1 (as the indifference curve of type k through z7), p coincides with g, in I,
and p" coincides with g7, in [z}, 2} ], we have p” — p point-wise. But the combination
of point-wise convergence and inform Lipschitz implies uniform convergence. N

F Existence via Approximations

This Section provides the most general conditions under which the existence results
of AG extend to settings where cost is unbounded (Section 5). Proposition 1 requires



knowledge of the equilibrium in the unbounded economy. Proposition 8 does not re-
quire such knowledge but requires additional assumptions on utilities.

E1 Existencel

We now prove Proposition 1.
Recall that, given the definition of AG equilibrium in Section 2, we say that (X ), (p;, o), (1;))
witnesses that (p, ) is an equilibrium.
For each truncated economy £", its equilibrium (p", o") is the limit of the weak equi-
libria (p?, a?) of a sequence of perturbed economies £}' which have a vanishing mass
of behavioral types, as described in AG. We then consider the sequence of economies
&™ and show that an appropriate diagonal of weak equilibria (p?", oz;f;) converge to an
AG equilibrium of £ when n — oo. Finally, we modify the equilibria on this diagonal to
include all types, as o} only allocates types of ©"; due to the behavioral types, this can
be done without changing the price pj.

Proof. For each n, let (X,,), (Y)ren, (CF)ren, (¢%, B%)ren be sequences of Polish spaces
that X is dense in X, finite sets of alternatives, of behavioral types, and of weak equi-
libria which witness that (p,, ;) is an equilibrium of the restricted economy n. Note
that ¢ refers to the price function while 3* refers to the distribution over types and con-
tracts. Note also that Y* will in general include points of X which are not in X. Then,
foreachn € N, X,, C X, where X is a fixed compactification of X.*°

Let (Z;)jen be a sequence of compact subsets of X with X = U;Z;, and for each j € N,
Z; C Z3,,; such exists as X is locally compact and separable. Note that since each p,(:)
is continuous by Lemma 18 of Section I, X is locally compact, and p,, — p uniformly
on compact sets, it follows that p is continuous. Hence, by passing to a subsequence of
(pn, ), We may assume that:

e Foralln e Nandallz € Z,, [p,(z) — p(z)| < 2.

W.lo.g., since each Y" is finite and p,, — p on uniformly on compact sets in X, we may
assume by Lemma 19 of Section I there there are indices (%, ), such that (after passing
possibly to a sub-sequence of (p,,, @, )):

e Foralln e Nandall z € Y, |¢i(2) — pa(z)] < L.
e Foralln € N, d(8f,a") < £, where d(-, -) is a metric for the weak topology.

Now, denote v, = 3 , 1, = ¢&», W, = Y,*». Then ~, is concentrated on (© U W,,) x W,,
Y — a, and forall n € N, |r,(z) — p(z)| < 2 forallz € W, N Z,. We contend that for

“SFormally, for each n € N there is an embedding ¢,, : X,, — X, which is identity on X.



each z € X, and each sequence (z,) in X with z, — z and =, € W, for eachn € N,
ro(x,) — p(x). Indeed, since x € X thereis N s.t. foralln > N, z,, € int(Z,); hence
T € int(Z,) N Wy, 80 |ry(x,) — p(x,)| < 2, and since p is continuous at z, p(z,) — p();
hence, r,,(z,,) — p(x).

The problem, however, is that the marginal of v, on © is P(- | ©,,), not P; hence
we must modify it. The idea is after adding the types in ©\0, to the distribution ~,, -
where each type is choosing a utility-maximizing option in W, - price can only go up, as
elements outside ©,, are more costly than those in it. Hence, by adding some behavioral
types - who have cost 0 - the added cost cancels out. The formal treatment is as follows:

Let p,, be a measure on ©\0,, x X,, C O x X, s.t.

pu((0,7) € O\, X X, | Vy € X u(2,0,4u(2)) = uly, 0, aa(y))) = P(O\O,)

- i.e., p,-a.s. all agents in © not in ©,, maximize their utility in X,, at prices ¢,(-). By
assumption,
Eyipulc] 2] = By [e| 2] = ro(x), Vo € W,

with equality if r,,(z) < ¢, i.e., the types in © which not in ©,, only increase costs. (Note
that v, + p, may not be normalized; throughout this proof, when ¢ is a non-normalized
measure, E,[f] = .5 Jo fdo.) Define m,(z) > 0s.t.

1(2) + ) v
sy Bele 4] = Bl 4] = ra(e), Vo € TV,

(By assumption v, (z) > 0 for all z € W,, hence this is well defined.) Hence, since cost of
behavioral types is 0,
E, iynimlc | 2] = E,, [c| z] = r,(x), VXEW,,

Furthermore, 7,(z) = 0if z € W, and r,(x) < ¢y, since no types in ©\O,, purchases

in the domain r,, < ¢, i.e., p,({(6,2) | 7.(z) < ¢}) = 0.We contend that =, (W,,) — 0, as
required of behavioral types. Indeed, by definition,

[on(2) + (2)] - Byl | 2] = (@) - By e | 2] + [m0(2) + po(2)] - 7o (), Y2 € Wy,
Therefore,

[erdtnt o) = [edrt X @) +pa@)-rale) = [e-dvat [r0-dput [ radr,

$EWTL



i.e.,
co - (W) < /rndwn = /(c — 1) - dp, = 0

where the second term vanishes due to our integrability requirement, and since p, is
supported on ©\0,,.. Hence, denoting 4,, = 7, + p, + 7, (Where 7, naturally induces
a measure on the diagonal of W,, x W,, C (6 UW,,) x W,) shows that the sequences

of subspace (W, ),.en, behavioral types (7, ),.en, and weak equilibrium (r,,, 6, ),cxy Witness
(p, @) being an equilibrium. =

F2 Existence 2

We now prove Proposition 8. Before doing so, we present a useful generalization of the
Arzela-Ascoli theorem. This generalization is found, e.g., Thm 17, Ch 7, of Kelley, “Gen-
eral Topology”. The key generalization in this version visa-a-vis more classical state-
ments is the requirement that X be only locally compact (rather than compact), and
the requirement that the functions f to be point-wise bounded (rather than uniformly
bounded).

Theorem 5. Let X be a locally compact metric space. Given a sequence (f,)>, of real-
valued functions on X, equicontinuous and point-wise bounded, there is a continuous
function f : X — R and a subsequence of (f,)22, converging to f uniformly on compact
sets.

We now prove Proposition 8:

Proof. The existence of the limit function p(-) with the required first property of p()
in Proposition 1 follows from Theorem 5. Furthermore, ()22, (or any of its subse-
quences) is tight (since «,, (0, x X) = P(©;,) for alln, k € N) and hence it w.l.o.g. (passing
to a subsequence) converges weakly to some measure c on © x X.

We now need to show that a(© x (Y\X)) = 0. Suppose not, set B := a(©x X\ X) > 0.
Fix some y, € X, and fix some D > sup, p,(y,). (By assumption, such D < oo ex-
ists.) We note that, by assumption, for each # € ©, and each alternative y € X, there
isq > 0s.t. u(yo,0,D) > u(y,0,q); by possibly decreasing D slightly, the continuity of
utility in X x © x R, shows that this statement is true for all y € X; and finally a stan-
dard continuity argument shows that ¢ may be chosen independent of y € X (only
dependent on 0); i.e., Ny~o{f | Jy € X s.tu(y,0,D) < u(y,0,M)} = 0. Fix M s.t.
P({@ | Jy € X s.tu(yo, 6, D) < uly,0, M)}) < %B. By assumption, there is a neighbor-
hood V' of X\ X such that for all n large enough and all y € V, p,(y) > M. Therefore,
o, (0 x V) < LB for all n large enough. By Portmanteau theorem, however, since V is
open

;B > liminf a, (0 x V) > a(© x V) > a(6 x X\X) = B > 0,



a contradiction. ]

E3 Condition (*) holds in simple insurance

We now show that condition (*), required by Propositions 1 and 8, holds in the context
of simple insurance markets.

Lemma 7. In the framework of insurance markets (i.e., under Assumption 1, Assumption
4, or Assumption 7, and where cost has the form c(0, x) = pexr andwy > py), the condition
(*) is satisfied when the other conditions of Proposition 1 or Proposition 8 hold.

The intuition is as follows: price p (and hence p") are at least some ¢, > 0 in some
neighborhood of full insurance. Moreover, types with high riskiness (and hence high
willingness to pay) will purchase coverage in this neighborhood.

Proof. Fix some 0 < zy < 1 for which p(zy,) > 0; by the break-even condition and the
continuity of p, such z, exists. Hence there is ¢, > 0, a neighborhood U of p(z,), and N
s.t. if n > N, p,, > ¢y in U; since each p,, is monotonic, this means that there is x; < g
such that p,, > ¢y in {z > ,}. Letting j,, = infgn\en-1 1, we have by assumption i, — oo
monotonically; fix N s.t. uy > 222 Suppose by way of contradiction type § € ©\6V

— xo—x1’

purchases under p" coverage z < z;. Since wy > uy > plo)  P@)=p@) he myst strictly

— xzo—x1 To—T

prefer (zo, p(zo)) to (z, p(z)), a contradiction. O

G Equilibrium characterization in generalized Insurance

We now prove Theorem 2, or more precisely its generalization Proposition 6, which re-
quires only the weaker Assumptions 7, 6, and 8. Henceforth, fix an equilibrium (p, o) of
such an economy. Recall the notation

ou ou
wo(w,p) = =5 (2.p)/ 5 (@ p) = po

with equality iff x = 1. For this section we will also make repeated use of the pairs of the
functions ¢, ¢~ defined on the support of ax, the projection of the distribution «, to
[0,1] (recall X = [0,1) or X = [0, 1]), by (17) and (18) of Section B. Throughout we rely on
the continuity of prices in equilibrium (Lemma 18).



G.1 Coverage Weakly Increasing in Risk

First we prove that types with higher riskiness purchase strictly higher levels of insur-
ance (except possibly at 0 insurance), and types of same riskiness purchase the same
level. We begin with a weak version.

Lemma 8. It holds a-a.s. that for each pair (0, z5), (01, x1),
To > T1 = /1/(62) > IU((91>

Thisisalso trueif X' C X is finite and o/ is a weak equilibrium of the economy [©U X', PU
n, X'], where X' refers to behavioral types as well.*°

Informally, riskiness is (weakly) increasing in coverage. (This is later improved to
strictly increasing.)

Proof. Suppose not. Then there are open subsets U,V of Q x [0, 1] with ax(U) > 0,
ax (V) > 0,and such that for each (0,,21) € U, (02,22) € V, 21 > xobut iy = pu(6y) < pg =
1(0). Fix such a pair. Then p(z;) must be above the indifference curve of type 6, through
(x2, p(z2)), and p(z2) must be above the indifference curve of type 6, through (z1, p(x1)).
Since the latter indifference curve is strictly flatter, this is impossible. Somewhat more
formally, if ¢; denotes the indifference curve of p; through (z;,p;) for j = 1,2, then
¢1(71) = p(r1) < do(71) and ¢o(12) = p(z2) < ¢1(72). However, ¢(z) = wy, (7, ¢;(z))
for j = 1,2 a.e. and ¢, ¢, are absolutely continuous, and furthermore w,, < w,, are
continuous, hence ¢,(z') < ¢1(2’) in a neighborhood of 2’ of any point 2/ € [z, 5] at
which¢; (z') = ¢5(2’), contradiction.

The same logic holds for weak equilibrium with behavioral types on a finite set of
alternatives. u

The following corollary proves the following intuitive property. If an agent with risk-
iness at least iy purchases a contract with coverage less than z, then the price of x must
be higher than the cost of type p, purchasing that contract.

Corollary 5. Forz < y < z, we have
P(x) <P (y) <Yt (y) <P (2)

Thisisalso trueif X' C X is finite and o/ is a weak equilibrium of the economy [©U X', PU
n, X'].

%6The conclusion then holds o/ (- | ©)-a.s., i.e., holds for types in ©, not behavioral types for whom 1 is
not defined.




G.2 Breaking Even
Lemma9. ¢y~ = ¢* in supp(ax) N (0, 1].

Intuitively, this means there is no pooling of types - different levels of riskiness pur-
chase different levels of coverage.

Proof. It follows from the corollary that foreach0 <y <z <2 < 1,p(y) <z -9y (x) <
x - (x) < p(2),asid -y~ < p <id-y" ax as. by (1). The continuity of prices gives
the lemma for z € (0,1). For z = 1, observe that if v~ (1) < ¢*(1), then since ¢y~ = ¢+
in X N (0,1), 1 must be an atom of 1; then by the same continuity of prices (Lemma 18),
p(1) <1~ (1), and yet p must be a strict average of 1)~ (1), " (1), a contradiction. O

Hence, denote ¢ = ¢y~ = ¢*. By (1), we have

Lemma 10. o({0,z | p(z) # p(0) - x}) = 0, and (equivalently),

p(z) = z-9(2), Vz € supp (ox) (26)

G.3 Coverage Strictly Increases with Risk
Lemma 11. v is strictly increasing in supp(ax) N (0, 1].

Proof. Suppose not; let a < b be such that ¢(a) = ¥ (b) = . Corollary 5 then implies
that p(z) = po - z forall = € [a, b]. But since w,, > po at all but full insurance, types with
riskiness 1y would all prefer (b, p(b) = g - b) over (a, p(a) = ug - a). O

G.4 Coverage Continuous and Increasing in Risk

Corollary 6. There is a mappingo : supp(P,) — [0, 1], strictly increasing and continuous
on supp(P)\o 1 ({0}), s.t. o{ (0, 2) | = = o(u(0)) } = 1.

Proof. Let W C © such that o({§ € W}A{z > 0}) = 1, i.e., those types which choose
positive coverage. Let o = ¢~!. o is well-defined P,-a.e. on supp((P,(- | W)), and by
the previous results in strictly monotonic. Extend o to supp(P,(- | ©\W)) by 0; by the
previous results, this is well-defined (a-a.s., any types 6 s.t. p(0) € supp((F,(- | W)) N
supp(P,(- | ©\W)) choose 0 coverage, i.e., are not in W.) O

G.5 Use of Assumption 8

Before continuing with the steps of proof, we bring here a simple result which embodies
our use Assumption 8. First, a lemma:



Lemma 12. supp(P,) = range(pu).
The follows from Assumption 8 together with the continuity of 1 : © — R,..

Proposition 11. The set

{(, p,z,q,y) € supp(P,) x Ry x [0,1] x Ry x [0, 1] | p strictly prefers (p, x) over (q,y)}
IS open.

Proof. Suppose u,,,(po, zo) > wu,(qo, Yo). Suppose by way of contradiction there are se-
quences fi, — fto, (P, ¥n) = (Po;sZ0)s (Gn,Yn) — (qo,%0) S-t. pn, weakly prefers (g, yn)
over (p,,x,). Let 8, € Qs.t. u(b,) = u,; since {0 | p(@) < uo + 1} is compact, w.l.o.g.
and by passing to a subsequence, we may assume 6,, — 6, for some 6, € O. Since p is
continuous, i(6y) = . Since

U’(env Ty pn) < u(é’n, Yn, Qn>-

Taking the limit given by the continuity of utility,

U(907 xOva) S u(e()y Yo, QO)a

a contradiction. ]

G.6 Full insurance is in the Support
Lemma 13. The supremum of the support of ax is full insurance.

Proof. Suppose z* < 1 is the supremum of the support of ax. By Corollary 5 (applied
to a sequence of weak equilibria on finite grids which witness the equilibrium), we have
for each x > z* and each i € supp(P,), p(x) > p - x. Hence, P, is compactly supported;
denote 7z = max supp(P,). Hence, p(z) < i-2 for z > «* (price per insurance unit cannot
be more than maximum costliness) and since p is continuous and prices are actuarily
fair, p(z*) =@ - 2*;s0p(z) = @ -z in [z*, 1].

Fix some z > z*. Now, if 7 were an atom of P,, then for all § € p~'(z), we could say
that 0 strictly prefers (z, p(z) = i - z) for any to what he actually purchases, (z*, p(z*) =
7i - x*), as wy is greater than the slope of the price at all but full insurance, contradiction..
However, 1z need not be an atom of P,; but by Lemma 12, i € range(p). By Proposition
11, there is aneighborhood V of (¢*, ii-z*) and neighborhood U of i s.t. if (o (1), p(o(p)) €
V and ¢ € U, type u prefers (z,p(z)) to what his purchased contract. Since price is
continuous (Lemma 18), we may shrink U s.t. (o(u),p(o(p)) € V for all u € U. For any



Proposition 1, Part (5)

== price of purchased contracts _
— — — break-even line for highest 1

Figure 7: We consider, by way of contradiction, a hypothetical equilibrium where the
supremum of contracts purchased is ;1 < 1. This implies, we show, that ; must be
bounded by some 7, so the price of contracts x > xz; is p(z) = mz. Consider any z, €
(x1,1). We then show that those agents who purchase z close to xz; would prefer z, (at
the price p (z2) = 1), a contradiction.

such U, P,(U) > 0, hence a positive mass of types would wish to deviate, a contradiction.
O

The proofis illustrated in Figure 7 below.
The last argument in fact shows something stronger, which we will use later se we
state it here:

Lemma 14. There cannot exist and i € supp(P,) and = > o(u) s.t. p(z) < p -z and

ay (a(,u), z)) =0

G.7 Lipschitz-Type Property

The fact that L-Lipschitzity of price in [0, zo] if wy < Lin {z < zg,p < p(z)} for a.e. types
purchasing coverage up to z, follows along the lines of Part 3 of Proposition 1 of AG, so
we omit a complete proof. Essentially, the restriction of the economy to those types that
choose coverage up to z, satisfies the framework and Lipschitz-ness conditions of that
paper. As for the conclusion that p(-) is Lipschitz (for some constant) in [0, 2] without
assuming a bound on wy, observe that since the coverage function is increasing in x, and
the willingness to pay in increasing is risk by Assumption 6. Take any ¢ with o (1(0)) >
and set L = max{wy(z,p) | < xo,p < p(x0)}. Itfollows thatwy < Lin{z < zg,p < p(zo)}
for a.e. all types purchasing coverage up to x .



G.8 Price as Approximate Upper Envelope

Here we prove the final property of equilibrium: Let x € (0,1) with p(z) > 0. Let n(u, )
denote the price at which type 6 with riskiness p is indifferent between (o(u), p(o(n))
and (z,n(u, x)). Then, for every y > = for which ax((z,y]) > 0,

p(z) = ((x,y) = ess — sup{n(0,z) | v < o(u(0)) < y}.

Inequality (>) holds, as otherwise there would be a positive mass of types with o (u(6)) >
xandn(0,z) > p(z), and hence they would prefer (x, p(x)) over their purchased contract,
which would result in a contradiction.

Conversely, suppose for some z* < y*and ¢ > 0, ax((z*,y*]) > 0butp(z*) > ((z*,y*).
Clearly there means we have ax((z*,2* + T]) = 0 for some 7' > 0, since otherwise
continuity of prices would give a contradiction. Let p* = ess —inf{u € supp(P,) |
z* < o(p) < y*} be the infimum of all types that purchase insurance above z* but
at most y*, and let p, = ess — sup{u € supp(P,) | o(p) < z*}; then p, < p*, oth-
erwise the continuity of ¢ and of prices would finish the job. Recall by Lemma 12,
w* € range(p) = supp(P,). Let z* = o(p*). We contend p* strictly prefers (z*, p(z*))
to (z*,p(z*)): Fix some ((z*,y*) < ¢ < p(z*); by assumption, for all P,-a.e. p > pu,
w (strictly) prefers (o(u),p(p) to (z*,¢), and hence by Lemma 11, p* (weakly) prefers
(z*,p(2*)) to (z*, ¢), which he in turn strictly prefers to (z*, p(z*)).

Let (o, pn)22 be a sequence of weak equilibria on finite grids (X,,)$°, converging to
(e, p) in the appropriate sense.

Lemma 15. For each ¢,6 > 0, for n large enough, under «,, a positive measure of types
with riskiness in [p*, i* + 0) purchase coverage in (z* — ¢, 2* + ¢).

Assuming the lemma (which we prove below) we will derive a contradiction. Let
x, — x* and z, — z* with z,,, 2, € X, for each n. Hence, by Proposition 11, there is
e > 0s.t. if | — p*| < efor p € supp(P,), if (p',2') is in an e-neighborhoud of (z*, p(z*))
and (¢, 2’) is in a e-neighborhood of (z*, p(z*)) 1 strictly prefers (¢, 2') to (p/,2). But
by the above lemma, there are types u,, — p* s.t. for n large enough, 1, weakly prefers
(T, pu(Tn)) tO (20, Pu(2,)), @ contradiction since for large enough n, (z,,, p,(x,)) and (z,,, pn(z,))
are in e-neighborhoods of (z*, p(z*)) and (z*, p(z*)) respectively.

Now we return to the proof of the lemma: First we show that for each ¢ > 0 for
large enough n, under «,, a positive measure of types with riskiness > p* purchase in
I. := (z* —e,2* +¢). If there were such an € > 0 for which this did not hold, then for all n
large enough, p"(z) < p. -z for x € I; and hence p(z) < p. -z for x € I.. So in particular,
there is at least one x € I := (o(p.),z" + ) s.t. p(z) < p, -z, and wlo.g., e < T so
ax(I) = 0, contradicting Lemma 13. The reason we may choose positive mass of types



in [p*, " + 0) if n is large enough is because fixing some i/ esupp(P,) = (u*, u* +0) , we
see 1/ (and hence any p > 1 in supp(P,)) strictly prefers ' := (o(1'), p(o(mu’)) to (z*, p*),
and hence for large enough would strictly prefer an option in X,, near r’ instead of near
(x*,p").

G.9 No Purchasing 0 Coverage

We sketch a proof showing that if in addition, Assumption 3 holds, then 0 is «-a.s. never
puchased; the reader can complete the details. If P is discrete, with atoms p; < ps <
.-+, then for some n, o(u,) > 0, and by backward induction using the 'upper-envelope’
property of prices, p; > 0 for all £ < n as well. Hence, assume P is continuous, but
assume by way of contradiction that for some ., > p = inf supp(FP,), o(p.) = 0, and in
particular 0 is an atom of ax, the projection of « to altertives.

First we contend supp(ay) = [0, 1]; by the previous properties, supp(ax) = {0} U [z, 1]
for some z > 0; if z > 0, an imitation of the argument used to prove the upper-envelope
property of price would give a contradiction, as the indifference curve of any type pur-
chasing near z would lie below (0, 0). Next, we contend that Lemma 9 holds in this case
as well, i.e., ax(- | J) for closed J C (0, 1) is equivalent to the Lebesgue-measure: In-
deed, the proof goes through nearly verbatim, replacing w,(z) with w,(z, p(z)) where
needed as willingness to pay now depends on prices as well, and relying on the fact that
inf,> . .eswu(z,p(2)) —p > 0, i.e. that the insurance surplus for types with cost > . is
uniformly bounded away from 0 in J, which can be shown using the continuity of w and
Assumption 8. Similarly to the proof Proposition 10, appropriately modified, it follows
that for Lebesgue a.e. z € (0,0) for1 > § > 0,

p(x)

p(x)

P'(x) = Wiy (2, p()) = 7(2)Fwr @) (2, p(2)) =7 (2) = ==+ (wr ) (2, p(r))=7(2)) =

for some W > 0. This equation encompasses that the insurance surplus is bounded
away from 0 in the interval (0, §) uniformly over all types with riskiness at least y... Hence

— _ >
x x 2 T oz
Hence,
Q) > p9) —hmmfp(y) =W limln(—-) = o0
) ) y=0 gy y—0 'y

a contradiction.

+W



G.10 Weakening Assumption 8

We remark that Proposition 6 would hold if Assumption 8 would be replaced with the
following weaker assumption, although the proof would be somewhat more technical
and lengthy.

Assumption 9. For each 1/ € supp(P,) with i/ > p, for each0 < z, < z, < 1, and each
0 < p1 < po, thereise > 0 s.t. denoting D = [x1, 3] X [p1,pe] andT = {0 | i —e < u(0) <
1}

inf min(wy(z, p) — pe) > 0and inf min Jug <0

T D T D Op

We know for each x < 1 and p € R, wy(x,p) — g > 0. Hence, by continuity, for each

0 €0©,each0 <z <xy < 1,and each 0 < p; < py, minp(wy(x, p) — pe) > 0. However, we
need this positivity to be uniform over all types whose riskiness 1 is close to any given p/'.
Similarly, we need the sensitivity to price to be bounded away from 0 in such a domain
for all types with riskiness close enough to ;/'.

H Existence in Generalized Insurance

We now prove Theorem 4: equilibrium existence in insurance markets exists under con-
ditions more general than those stated in Section 3.

Fix a sequence of compact subsets ©; C ©, C ---0 with © = UO,,. Let M" be the
essential supremum of ;4 w.r.t. P(- | ©*). Then M' < M? < M3 < ... with M™ — oo,
M™ € supp(P,) foreachn € N. Let P* = P(- | ©,,),and X = [0,1]. BYyAG, &" = [0", X, P"]
has an equilibrium.

Fix one such equilibrium (o™, p") for each economy. Proposition 6 implies that in
each of these equilibria, there is a strictly increasing function o™ : supp(P}}) — [0, 1] such
that type with riskiness p € supp(P}') purchases coverage 0" (1) a"-a.s., with 0" (M") = 1.

We will require the following two results.

Lemma 16. For each . € supp(P,), limsup,, ., 0" (p) < 1.

The intuition is simple: Fixing j1; < ps, then 0™ (uy) < o™(u9) for all n, and if o (u»)
is close to 1, then ¢™(u;) should not be more (approximately) than the coverage ~ that
makes type p» indifferent between contract (zr = 1,p = p») and (z, uy - 2).

Proof. For each 6,6, with s = p(62) > 1 = () and each u € [0, 1], let ¢(uy, p2, u)
denote the unique v < u s.t. type 0, is indifferent between contracts (us - u,u) and
(11 - v,v); such unique v exists as wey,(x) > ps > py forall z € (0,1), ¢ is continuous
onR, xRy, x[0,1],and ¢(u1, p2, u) < uforu € (0, 1].



Suppose p1 € supp(P,) with lim,, ., o* (1) = 1 for some indices (k,). Fix some
pe > py with py € supp(P,), and hence w.l.o.g., s, € supp(Pj") for all n € N. For each k,,
ofn(uy) < é(uy, po, o (us)), as otherwise type 6 with ;(6) = u; would instead choose
coverage o (uy). Then lim,_,., o*"(us) = 1 as each o* is monotonically increasing.
Hence,

1= lim o™ () < lim @, pa, 0™ (1)) = dpn, o, lim 0™ (o) = 1) = u(pr, pi2, 1) < 1

n—oo
a contradiction. O

Notice that Lemma (16) does not rely on on the condition given in Equation (14).
Lemma 17 however, crucially, does:

Lemma 17. Foreach(0 < m < 1, thereis M > 0 such that if n > M andn € N is such that
p € supp(Py), theno™(u) > m.

The idea is to make observe types purchasing a sequence of riskinesses p; < s <

-+, and bound the differences between the coverages chosen by two adjacent types in

this sequence. (It is tempting to think we are making a reduction to the discrete case,

but since the utility has a more general form that in Section 3.6, the arguments have to
be slightly less direct.)

Proof. Fix types 0”,0' and denote p" := p(0") > p/ == w(0'), 2" == o(p") > 2/ == o(p/) >
1—06,and v" :=ps(0"),v = vs(¢'). Denote

AN:NH_N/

Az =a" — 2
Ap =p(a") = p(a') = p"-a" —p' -2’ =y Av 42" Ap

It follows from Lemma 1 of Section A that

/ "
ApzAx.[M'+y'.(1_x;x)] 27)
Combining these,
/ " A / "
I”-AMZAI-I//~(1—I e )%Amﬁ—u(l—x e )
2 v 2
Hence,
Ap 2 Ap 1

v 2—a —x" v 1=



Also, since2 — 2/ — 2" > 2" — 2’/ = Ax,

Ar< PP 2 A, </2- An
v Ax v

Now, by (14), there exists a sequence of types (6;) such that, denoting 1, = n(6;), we
have y1; < us < -+, and such that denoting v,, = v;(6,.),

Zun+1_ﬂn<oo

n=1 Vn

Fixm,n > 0 withm < 1 —4n < 1, and choose K such that

Z Hnt1 — HUn < 772
n=K Un

Each term is hence also less than 1. Suppose by way of contradiction, (6 ) < m. Then
foreachn > K, if x,,,; > 1 — n we can say

Tl — T <A\/2-1%2 <27

while if z,,,; <1 — 7, we can say

1

77 Vn

From the first of these, we see that thereis N > K suchthatl —3n < zy < 1 —n.
Then,

1 n n 1
oy —ag < - 30 P < 2 e > ey - > (1-30) — > m
n=K Un n
a contradiction. Hence, we may take M = . O

As a result, the conditions of Proposition 8 hold: As remarked there, Assumption
1 - in particular, the quasi-linearity of utility in prices - implies that for every two al-
ternatives x,y € X, price p > 0, and type 6 € O, there is price ¢ high enough s.t.
u(f, z,p) > u(f,y, q). As for the required properties of the equilibria (p,,, @)%,

1. First we show that if [0,m] C [0,1), then (p,) is point-wise (in fact, uniformly)
bounded and equicontinuous on [0, m]: Choose some 6, € O such that, denot-
ing po = p(0o), 0" (o) > m whenever iy € supp(P}). Such 6, exists by Lemma 17.
Then for all such n and all z < m, p,(z) < p,(m) g 1o - m, so we have the bound-
edness in [0, m]. Denote w = wy,. Then for a-a.e. type 0 that choose coverage in



[0,m], o(1u(0)) < o(mo) = o(u(by)) so by Assumption 3, wy < wy,, and each type has
Lipschitz utility (with the same Lipschitz constant as wy,.)

2. Next we verify that for each M € R, there is a compact K C [0, 1), s.t. for large
enough n, inf,¢x p"(x) > M. Fix M > 0 and some p € supp(P,) with i > 2M, let
N e Nand ] < ¢ < 1besuch that o"(u) < ¢t foralln > N; such N, t are guaranteed
by Lemma 16. By the monoticity of each ¢™ and p", forn > Nand x ¢ K := |0, ],

p"(x) >p"(t) 2 p"(0"(n) = 0" () - p>1t-2M > M

3. Lemma 7 shows that the requirement (*) of Proposition 8 holds.

Hence, an equilibrium (p, ) of the economy [ X, ©, P] exists.

I Generalized Equilibrium Properties

This section shows that several properties of equilibrium derived by AG also hold in set-
tings where costs are unbounded. (Note that Lemma 18 is used in the proof of Theorem
2, or more precisely its generalization Proposition 6.) Proposition 12 is used implicitely
throughout, in particular the fact that in equilibrium, a.e. agent is selecting an optimal
contract.

I.1 Continuity

The continuity (and in fact Lipschitz-ness) of prices was proven in AG (for the bounded
environments they consider). Here, we prove the continuity of prices in generic un-
bounded settings. *’

Lemma 18. If(p, o) is an AG-equilibrium, then p is continuous.

Proof. Suppose z,, — x in X, and let (p", a")2 , be the approximating sequence of weak

equilibria with alternatives (X,)°,. By passing to a subsequence of (p", o), we may
assume that for each n, there is y,, € X,, such that

1 1
n — Tn| < —and [p"(y,,) — 2l < =
Y — T4 - [p" (yn) — p(2n)] -

Hence, y, — z. Therefore, since (p™, o), witnesses that (p,«) is an equilibrium,
" (y,) — p(x). By the second inequality, p(z,) — p(x), as required. O

4"The continuity of prices in the particular case of the utility functions of insurance markets discussed
in this paper, as introduced in Section 5.1, follow from Lemma 3. 18 holds in a much more general setup.



1.2 Equilibrium is Weak Equilibrium

AG shows under their weaker assumptions that equilibria are, in particular, weak-equilibrium.
This will also be true in our case although, to prove it, we need the following auxiliary
result.

The following lemma, stated in greater generality than needed, may be of indepen-
dent interest.

Lemma 19. Let X be a locally compact separable metric space, (X,) a sequence of finite
subsets, p : X — R continuous and for eachn € N, p,, : X,, — R, s.t. if (z,,) is a sequence
in X withz, — x € X s.t. x,, € X,, foreachn € N, then p,(z,) — p(z).

Then there are extensions of the p,, to continuous functions p, : X — R, s.t. p, — p
uniformly on compact sets. In particular, if X is compact, thenVe > 0, thereis N € N, s.t.
VYn > N andvx € X, |p,(z) — p(x)| < e.

The latter conclusion, for the case of compact X, follows from the first part. We note,
however, that the latter conclusion actually already follows from the first step in the
proof.

Proof. Let (K;)32, be an increasing sequence of compact sets with X = U; K and K; C
K73, ,; such exists as X is locally compact and separable metric. Fix J € N: We contend
that Ve > 0, thereis N € N, s.t. ¥n > N andVz € X,, N K, |p.(z) — p(z)| < e. Indeed,
if not, there is ¢ > 0, a sequence n; < ny < --- of indices, a sequence (z;) with =, €
Xn, N Ky, |pn,;(7;) — p(x;)] > ¢, and such that (z;) converges; denote the limit 2 € K.
Hence, p,, (z;) — p(r) by assumption. Since p is continuous by Lemma 18, p(z;) — p(z).
Together, these give a contradiction.

Hence, define ¢, : X,, — Rbygq, = p, — p. Denote Y,, = X,, N K,,, &, = max,cy, |qn|-
By the last paragraph, ¢,, — 0. The Tietze extension theorem implies, for each n € N, the
existence of a continuous extension ¢, of ¢, to X satisfying ¢, = maxg, |G,|. (Formally,
first extend the restriction of ¢, to Y, to a function g, on K, satisfying ¢, = maxg,, |G,/
via Tietze’s theorem, and then extend it to a function on X agreeing with ¢, on X,, in
an arbitrary continuous way, again via Tietze’s theorem.) Defining p,, = ¢, + p for each
n € N give the required extensions, since for any compact subset X' C X, there is J s.t.
forallj > J, K C K. O

Now, the proof of Proposition 12 follows along lines similar to the corresponding
Proposition in AG, with some care required since our setup allows for unbounded cost.

Proposition 12. An equilibrium is also a weak equilibrium.

Proof. Take a sequence (X, p,, a,,) of weak equilibria on finite subsets X,, C X which
witnesses that (p, «) is an equilibrium. Let (p,) correspond to (p,), (X,), and p as in



Lemma 18. For any continuous function f : X — R with compact support, since the
P, are uniformly bounded on compact sets (p is continuous and p,, — p uniformly on
compact sets), and since p"(x) = p"(x) = E|c | z] forall x € supp(a™),

fp-da = lim fp-da™ = lim f-p"-da”™ = lim f(z)-c(x,0)da"(x,0)

OxX n—0 Jox X n—0 Jox X n—o0 Jox X

Now denoting by K C X the compact support of f, we know that for each ¢ > 0, there
is compactly support g. : Q© — [0,1] s.t. [o(1 — ¢-(6)) max,ex c(x,0)dP(0) < e. Clearly,

(I>'C($7 e)dan(x7 '9) = f(x)ge(e)c(I? 6>dan<m7 9)+/®><X f(x)(l_ge(e))'d‘x? Q)dan(‘rv ‘9)

OxX OxX

L F@rew.0)date,0) = [ @) 0)cla.00dale,0)+ [ f(@)(1=g.(6))c(z, 0)da(z,0)

x X OxX

Now,

iMoo /@ _ S@)9(0) - el O)da"(z,0) = /e F(2)9.(0) - e(z, 8)da(z, )

xX

and the errors terms are at most ¢ - sup | f|, and £ > 0 was arbitrary. Hence,

Jogd 2 00= [, )l )

and this was for any f : X — R compactly supported. Hence, p(z) = E,[c(x,0) | z] a-a.s.
Now, let ¢ : R — R be a strictly monotonically increasing continuous funding with

X
1+|z|*

bounded range, e.g., ¢(z) = arctan(x) or ¢p(x) =
holds

Since «,, is a weak equilibrium, it

w(B, pp(x), z) = sup u(f,p,(z),2"),for i, — a.e.(6,z) € © x X,
-’EIGXn
Hence, it is also true that, denotingv = ¢ o u

v(0, pp(x), 1) = §é1)l? v(0, p(2), 2'), for ai,, — a.e.(, 1) € © x X,

Let o/ be a 'deviation to o’ - i.e., a measure on © x X whose projection to © is P, and
letting (a/,) be a sequence of measures on (OUX) x X, with o/, supported on (OUX,,) x X,
and o/, — « weakly, we have since (p,, ;) is a weak equilibrium,

/ v(0, pn(x), x)do, > v(0, pn(x), x)do,
OxX

a, — a, al, — o, so the families (o, ) and («/,) are tight, and v is bounded. Hence, for



eache > 0, thereis (. : © x X — [0, 1] continuous and compactly supported, such that
/ (1 —C(2,0)) - [v(0,pu(2),2)]|dB < &, for 8 = a,,a,a,,a/,n €N
QOxX
Since p,, — p uniformly on the support of (.,

/@ @ 0)0(6, of@),2)dan = [ G, 0)v(0, pla), 2)da

and

/€)><X C(z,0)v(0, pn(z), z)da!, — ok C(z,0)v(0,p(x), x)dd’

Since this was for any compactly supported (., it follows that

/8><XU(9’p<x)’x)da Z U(Q,p(x),x)da’

OxX

Since this was for any measure o/ on © x X whose projection to © is P,

v(0,p(x),x) = 5/1;1)){ v(0,p(x'), "), fora —a.e.(0,x) € © x X

and therefore

uw(f,p(x),z) = S/lg)){ w(@, p(z"),2"),fora —a.e.(f,r) € © x X

J Discrete types: Direct Construction

In this Section we provide a “direct” construction of the AG equilibrium for a simple
insurance economy with discrete types, without using Proposition 1.

J.1 Equilibrium in bounded economies

We now show that, for a truncated economy £”, the allocation described in Proposition
4 is indeed an AG equilibrium.

Proof. Since utilities are quasi-linear and p > 0 on (0, 1),*® it is enough to approximate
(p, @), in the same manner described in Section 1, but on X’ = (¢, 1) instead of [0, 1) (as
p = 01in (0, z9)) and with 7, not necessarily strictly positive on the behavioral types X;
afterwards the weight of the behavioral types could be increased slightly to be strictly

48(0) = 0, but Vn, X C (0,1) in our construction to follow, so p is positive on X .



positive in such a way that the price goes down by the same amount for each alternative
in X",

We will also index the sequence of economies by n. For each n, let X be the set
X' ={zy|i=1,....n,5=1,...,n}U{zy,...,2,}.

The contracts =1, ..., z, are obtained as in Section 3.6, the contracts purchased by the
first n types. That is, economy n has only the first n contracts z, ..., z,. Moreover, to
each contract i are associated n behavioral types z;i, . . ., ;,, are distributed (e.g., evenly)
strictly between z;_; and z;. (Recall that z is the right-most point s.t. p(zy) = 0, i.e.,
where type 1 is indifferent between (0, z) and (p;, x1).) The mass of agents at each z;;
(which denote 7,,) is defined below.

As in AG, the behavioral agents in X have riskiness ; = 0, i.e., zero cost. We set
prices p,, = p for contracts on X '. Moreover, we set the distribution of the weak equilib-

rium («,,) such that .
an({p, ) = P [1 _ ] Ni=1,....n
n

.. .
an({/“LH-lJ'IZJ}) = H-‘rlﬁ’v%j = 17 -, n

That is, of the original mass P; of “regular” types 1, all but a +-fraction choose x;, while
the rest evenly spread themselves between the contracts z; 1, . . ., z; ,, such that the mass
of type u; in each of these contracts is a share # of the total mass P;. Recall that z;_; <
xiy < ...<uz;, <z;and moreover p (z) is defined so that types y; are indifferent between
all these contracts.

We also construct the distribution «,, such that, all types k£ > n (each with mass P;)
purchase the highest coverage available (z,,):

an({ g, xn}) = P, Vk > n.

Since p,, v, increasing, this maximizes their utility when contracts z;, for £ > n are not
available. This construction of «,, is illustrated by Figure 8.

We then define o, ({(zi;,2:;)}) = n.({zi;}) for all 7, j to be the mass of behavioral
types who purchase contract z;; (which, recall, will also be purchased by some mass of
types 1;). We define n,(z;;) to satisfy

P

-
I <1
P+ g (i) ~

gi<xz’j) = T4j s



Mass of regular consumers
Mass of behavioral consumers

Figure 8: Illustration of «,, used in Section E. Specifically, the figure illustrates the second
perturbation, as.

This will imply that each contracts x;; breaks even:

Oén(,ui, l’z’j) P; - L2
+0 = 041 -
o (s, Tij) 4 N ;) ! P =5+ ()

Eo, [z | 2] = zijpi-

Moreover, since z;_; < z;; < z;, we also have

9i(Ti1) < P -2

T~ PS5 4 ma(ay)

and therefore, as n — oo, we have sup,,. Nn(2i5) — 0.
We also assume that, in economy n, there are no behavioral types purchasing con-
tracts x; for: <n — 1:
Ma(z;) =0,i=1,...,n—1

Regarding the top contract x,,, the mass of behavioral types 7, (z,) is defined such that

p(7,)

n

:U'npnnT_l‘i_Z' nN'P'
Hn = :Ean[ﬂyxn]zp ot

nnT—l + 2j>n P? + nn(xn)

i.e., n,(x,)is chosen such that although the riskiest agents all choose the top contract, its
price nonetheless satisfies y,, = ”(%:). Thefactthaty",, P,u, < ooimplieslim,, o n,(x,) =
0.

In this way, for each i, the break even condition E,, |[ux | z;] = p,(z;) = p(x;) holds
foreachi =1,...,nin (p,, a,); indeed, for eachi = 1,... ,n — 1, only types u; purchase
x;, while for ¢ = n this results from our definition of p,,(x,,) = p(x,) and by (28). O



J.2 Convergence to equilibrium of unbounded economy

We now prove that the equilibria described above for each truncated economy £" con-
verge to the equilibrium of £.

Proof. We claim that the sequence (p,, a,,) demonstrates that (p, ) is an equilibrium. ,
pn=ponX and X" — X' = [z, 1) in the sense of Haussdorf.

Moreover, a,, — « weakly: Notice «,, is concentrated on the set of types { (1, Vk) }ren
and the behavioral types, with «,, (uy, ) = a(p, v,) = Py . Define I ,,, = 1{k = m} be
an indicator function. Then,

1
an(,uka xm) = ]Ik,m : Pm [1 - ] — ]Ik,m : Pm = a(ﬂka xm)
n

and foreach m € N,

an({z € (Tm1,Tm)}) = Pmi —0=a({r € (zm-1,2m)}).

Hence foreach 6 < 1, a,,(- | {z <6}) — a(- | {z < ¢}) converges in total variation norm.
This implies that o,, — « weakly.

Furthermore, a,,-a.s. the original agents {(u,, v,)}>2, are utility maximizing: agents
of type i < n are utility maximizing since they either choose the same option z; in
X" € X = [0,1), at the same price p,(z;) = p(z;), as they do when they can choose
any alternative in X, or they choose an alternative z; 1, . . ., z; , which delivers the same
utility as x; at prices p, = p. Agents of type £ > n are utility maximizing since their
willingness to pay for z is higher than that of type n, who (weakly) prefers the contract
T, = max [Y”} to any other alternative in X' at prices p,, = p. Therefore, each (p,, o) is

a weak equilibrium, so (p, «) is an equilibrium. O



